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Abstract— This paper deals with a new LMI-based observer
design method for a class of nonlinear systems. Novel matrix
multipliers are proposed to improve the feasibility of the LMI
conditions existing in the literature. Two design procedures are
proposed and both of them exploit a more general form of
the matrix multiplier compared to the existing ones. The first
method is based on the use of the standard Young relation
jointly with a specific multiplier matrix, while the second one
uses the LPV-based approach combined with a convenient
Young inequality. The proposed LMIs contain additional num-
bers of decision variables as compared to the methods proposed
in the literature, which add extra degrees of freedom thus
improving the LMI feasibility. This is due to the use of a
reformulated Lipschitz property and new matrix multipliers.
Furthermore, the effectiveness of the proposed methodologies
is highlighted through numerical comparisons.

Index Terms— LMI-based nonlinear observer design, Lips-
chitz systems, 7{.. criterion.

I. INTRODUCTION

The topic of state estimation for dynamical systems has
become a centre of research during the last few decades. This
is due to the fact that knowing the current state of the system
is critical in many applications. Such real-time information
is used for monitoring, decision-making, and controlling
the systems. Installing sensors on physical systems is one
of the methods used to capture real-time measurements.
Since the quantity and quality of sensors are frequently
limited in practice due to cost and physical constraints, state
estimation tools play an important role in a wide range of
applications [1], [2], [3].

State estimation approaches for linear systems have been
extensively studied and proven to be quite reliable. The
Kalman filter [4] and the Luenberger observer [5] were the
first state estimation techniques designed for linear systems.
In contrast to linear systems, designing observers for nonlin-
ear systems remains a difficult task. As a result, a substantial
amount of research has been conducted in this domain,
and several methods for each type of system have been
developed. Among these techniques, linear matrix inequality
(LMI)-based methodologies have gained a lot of attention,
and several outcomes are published in [1], [6] and [7].

Various LMI-based observer approaches for the nonlinear
Lipschitz system have been presented in the literature. Some
of these approaches depended on S-Procedure lemma [8],
Riccati equations [9], and Young inequality [10]. Though
each method provides a conservative LMI condition, there is
scope for improvement. The motivation of the article is to

develop an LMI-based H.. nonlinear observer with a matrix
multiplier, which is inspired by [6], [11] and [12]. Further,
the proposed approach is combined with the well-known
LPV approach to deduce a less conservative LMI condition.
The use of such a matrix multiplier adds extra decision
variables and enhances an LMI condition from a feasibility
point of view. Furthermore, a numerical example is used to
demonstrate the efficiency and superiority of the proposed
LMI techniques. To verify the observer performance, the
proposed observer is implemented on the same example in
MATLAB/Simulink.

The organisation of this letter is outlined as follows:
Some preliminaries and background results required
for nonlinear observer design are given in Section II.
Further, Section III contains the system description and the
problem formulation. The main contributions related to the
development of the LMI conditions are illustrated in Section
IV. The effectiveness of the new LMI conditions and the
observer performance is shown in Section V. In Section VI,
some conclusions are included.

Notation: Throughout the article, the following notations
are used: ||e|| and ||e||z, describe the euclidean norm and the
L, norm of a vector e, respectively. Repeated blocks within
a symmetric matrix are represented by (x). The transpose
of matrix A is expressed as AT. For a matrix A € R™",
A >0 (A <0) indicates that A is a positive definite matrix (a
negative definite matrix). Similarly, a positive semi-definite
matrix (a negative semi-definite matrix) is given by A >
0 (A <0). A = block-diag(Aj,...,A,) is a block-diagonal
matrix having elements Aj,...,A, in the diagonal. I denote

ith

T K
,0, 1,0,...,0)" € R,
N cornponents
s > 1 is a vector of the canonical basis of R®. The term
Xo signifies the initial values of x(z) at r = 0. Apin(A) and
Amax(A) are minimum and maximum eigenvalues of matrix
A.

an identity matrix. ez(i) = (0,...

II. PRELIMINARIES

This section contains the mathematical tools and back-
ground results which will be needed in the development of
the main results.

Definition 1 ([6]): Let us consider the following two vec-

tors:
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Then, for all i = 0,...,n, an auxiliary vector abi e R"
corresponding to a and b can be defined as:

T
abi _ <b1 ... b ai+1 an) N fori= 1,...,71
a, fori=0.

(D
Lemma 1 ([6]): Let y:R" — R" be a nonlinear function.
Then, the following two statements are equivalent:

« Y is globally Lipschitz with respect to its argument, i.e.,

lw(X) —w(¥)[] < wylIX = Y]],

e For all, i,j=1,...,n, there exist functions y;; : R" x
R" — R, and constants y;; . and y;;  such that
VX,Y e R,

VXY ER" ()

V) -y =Y. Y wHiX-Y), ()

i=1j=1

. . Y j— Yij
where H;; = ey(i)e, (j), and yi; = wi; (X", X ").

1

The functions ;;(.) are globally bounded as follows:

lIlijmin S llll/ S lI/ijma\x' (4)

Lemma 2 ([6]): For any two vectors X,Y € R” and a

matrix Z=Z" >0 € R"™", the following matrix inequality
holds:

X'y+yYy'x<x'z'x+v'zv. (5)

The authors of [6] proposed the subsequent new variant of
Young inequality (5):

1
X'v+y'x< §(X+ZY)TZ*1(X +ZY). (6)
Inequality (5) is used in various control problems with

Z = ¢l e > 0. However, in this paper, both inequalities (5)
and (6) are used with a new form of Z:

Zy Zyy ... Zy,
* 2o ... Zg,
Z= . s (7)
* % . :
* *x ... Iy

where Z; = Z| >0 € R™" and Z, :Z;E >0cR™ VYic

{1,...,n}.
Lemma 3 ([12]): Let us define ¥, and ¥} as follows:
¥, =[al, al, ally) (8)
Wy = [l bol, bull] ©)

where 0 < a; < b;, Vi € {1,...,n}. Then, the following
inequality holds:

WIZ¥, <W,) 79, (10)

for any matrix Z=Z" > 0 € R"*", which has same structure
as in (7).
The inequality (10) will be very useful in LMI formulation.

III. PROBLEM FORMULATION

The class of nonlinear systems with nonlinear outputs is
described by

X=Ax+Gf(x)+Bu+Eo,

11
y=Cx+Fg(x)+ Do, (1

where x € R", y € RP, u € R® are state vectors, output
measurements, and inputs of the system, respectively. @ €
R? represents the £, bounded noise/disturbance present in
the system dynamics and outputs. A € R"™" B € R"* G €
R™™ E € R"™4,C € RP*",D € RP*4 F € RP*" are known
constant matrices. Both nonlinear functions f(.): R” — R”
and g(.) : R" — R" are assumed to be globally Lipschitz. The
detailed form of f(x) and g(x) are as follows:

Gi:H,-x A,’=G,’X
fil Hix ) gi1( Gix )
1 1 1 1
[l = : » 8lx) = : . (1Y)
Jn(Om) gr(Ar)
where H; € R™"Vi € {1,...,m} and G; € RP*"Vi €
{1,...,r}.

Now, Let us consider the following Luenberger observer
form:

F=A%+Gf(£)+Bu+L(y—3),

13
$=Ch+Fg(%), ()

where X, ¥ denote estimated states and observer outputs,
respectively. L € R"*? is the observer gain matrix. The
estimation error of the observer is defined as ¥ = x — *.
From (11) and (13), the estimation error dynamic is given
by

F=(A—LC)%+Gf(x,%) —LFg(x,%) + (E—LD)w», (14)
—x K

where f(x,£) = f(x) ~ f(£) and g(x.£) = g(x) — g(#). The
objective is to compute the observer gain L such that

1) When @ = 0, the estimation error dynamic (14) is
converging towards zero at t — oo.

2) When @ # 0, the estimation error dynamic (14) fulfills
the Ho. criterion [13]:

llcg < \fulloly + VISl

5)

where u > 0. The term /i indicates the disturbance
attenuation level, and v > 0 is to be estimated.

Since f(x) and g(x) are globally Lipschitz, then from
Lemma 1, there exist functions f;; : R" xR" = R, g;; :
R? x R” — R, and known constants fy,, Toij> 8ai; and g,
such that

m,it np
f(x,)?) = Z ﬁj?‘[inif7 and g(x,f) = Z gijgijG,’)E, (16)
ij=1 ij=1
where fi 2 f;(6/,6) and gi; £ gij (AN, AN,
The functions fij, gij hold: fu; < fij < fo;;5 8aij < 8ij < 8b;-
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Without loss of generality, let us assume that f,; =0 and
8a; =0, ie.,
0< fij < fio (17
0 <gij < gp,;- (18)
From (16), the error dynamic (14) becomes:
F=Af+ Z f;jGHijHix— Z 8ijLFG;jGix+Ew.  (19)

i,j=1 i,j=1
Remark 1: In various practical applications, it is possible
to have fu,;, 8q;; 7 0. In such cases, (19) is rewritten as:

m,i np
= (AJr Y fu;GHiHi— Y, gaijLngjGi>i

i,j=1 i,j=1
i (20)
+ Y fijGHiH%— Z 8i;LFG;iGi5+Ew,
i,j=1 i,j=1
where ﬁj = fij — fa;;» and gij = 8ij — &a;;- For the error

dynamics (20), f,, and g;; fullfil (17) and (18), respectively.
Let us define a Lyapunov function to evaluate H.. stability
of the error dynamics (19):

V(%) = &' P&, where P=P' > 0.
By computing V(%) along the trajectories of (19), we get
V(E) =x"(ATP+PA)S+5 (PE)o+ o' (ETP)i+

ij= ij=
Gi) + ( f gijPLngjGi)T}i
ij=1

r’ﬁ

T {( Z 8ijPLFG;;

ij=1

From [6], the H. criterion (15) is satisfied if the following
inequality holds:

WEV(F) + |5 - u|o|* <o. 2D

Remark 2: At ® = 0, inequality (21) becomes: V(%) +
||%]]> < 0, and it yields the exponentlal stability condition

V(%) < —oV(), where O =175 ( 7 >0
Then,
SORE "[ATP+PA+I, PE [z
T o E'P —ul,| @
~7 71 [ ma PGH,"
[a] [E ("5
i,j=

(22)

+ Ut 0] [(Pthij)]T)] H

P [<—pLOFg,»j>]T)] M |

It follows that W < 0 if the following inequality is true:
Li+Ni+N2 <0, 23)

where
T  pTo T _pT
IL1:AP+PA R'C—-C'R+1, PE RD’ (24)
(%) —puly
_ H;
gl PG?—L, —
Ni= ) ( (PGH:) fi[H 01 +ViU; ), (25)
i,j=1 \ L ——
%;—/ Vi
U
G;
np [(_RTFG:, —N—
N= Y ( ( 0 g’f)] |G 0] +NEM,-}»), (26)
i,j=1 L S———

—— N
J

-

M,

and R=L'P.

Various LMI-based approaches have been developed in
the literature [6], [7], [3], where each approach provides
improved LMI conditions by using different mathematical
tools. Despite advances in this area of LMI relaxations, the
resulting LMIs remain conservative, then more enhancements
are possible. In the sequel, two novel LMI techniques will
be proposed. To this end, we exploit both of Lemma 2 and
Lemma 3.

IV. NEw LMI-BASED DESIGN PROCEDURES

This section focuses on the development of two LMI-based
observer design techniques. First, Young inequality (5) and
Lemma 3 are used to formulate a new LMI. Further, the
variant of Young inequality (6) and the LPV-based technique
are combined to derive less conservative LMI conditions.

Over the last few decades, LMI-based methods have
been extensively studied to handle Lipschitz nonlinearities
([6], [7], [10]). The authors of [10] and [14] have used the
global form of nonlinearities (i.e., f(x,%) = f(x) — f(%)).
However, the detailed form (12) was used in [6] and [7].
The use of nonlinearities in their detailed form enables
the inclusion of additional decision variables in the LMI
approach. In this paper, a new technique is proposed to
handle the nonlinearities as compared to the one given in [6].

A. First LMI-based method

Let us consider the following notations to avoid cumber-
some equations:

=[Uy, ... UL, .. U], Ul @9
vz[w VL VD Vil (30)
M=[M], ... M], M), M5, 3D
N=[N], ... N, ... N} A N )

where U;;, V;;, M;; and Nij are defined in (25) and (26).
With these notations, N; and N, are rewritten as
N =UTV+V'T,
N, =M'N+N"M.

(33)
(34)
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Z sz me Zit  Zay iy Zhn Zey Zej;
* Zz th * Zin ai * Zhiz Cii
7= .|, where Z; = Vie{l,...,m} and Z, = Vie{2,...,m}, 27
* * : * * * * .
* * /. * * Zin * * /-
such that:
. ,-j:zl._T,. >OERﬁX7ﬁYiE{l,M,m}&j€ {1,....7}, Za,; :ZHTU_ >0 GRﬁfﬁViE{l,..‘,m}&je {1,...,7};
Zb[j :Z,Ij >0 e RP”Wie{2,....m}&je{l,...,i}; Z,; :ZCT’,j >0 e R™Wie{2,....,m}&je€{2,...,ia} such that Z > 0.
S sz Sb, Sit Sa,‘z s Sa,p Sbi] Seip SCiﬁ
* Sz Sb, * Sin a; * SbiZ Sfiﬁ
S= . , where S; = Vie{l,...,r} and Sy, = | Vie{2,...r}, (28)
* * . . * * . * * :
* * .S, * * c Sip * * Sbi,;

such that:

. si_,:S;>OeRﬁXfyie{1,.,.,r}&je{1.,...,p-}, Sy =Say; 20 E]Rp_ixﬁiVie{l,...,r}&je{1,...,;7};
sb,.jzs,j[/ 20GRPX”WG{2,...,r}&j6{1,...,[3};Sfij:S:I_l_ >0 eRP>PYie{2,...,r}&je{2,...,p} so that S > 0.

From the form of V;; and N;; described in (25) and (26), V

and N can be written as:

T
V=[V], v/ Vi o Vi =H®, (35)
T
N=[Nj, N Nyt N,z =G¥, (36)
where,
H = block-diag(H;,...,H;,...,Hy,...,H,), 37)
—— —
71 times 71 times
@' =[ful fial S fuil],  (38)
G = block-diag(Gy,...,Gy,...,G,,...,G,), (39)
——
p times ptimes
¢l = [gl]]I g1l gnl grﬁﬂ] . 40

By implementing inequality (5) and using equations (35)
and (36) on (33) and (34), we obtain:

N, <U'Z'U+® H ZH®,
N>, <M'S'M+¥'G'SGY,

(41)
(42)

where Z and S are defined in (27) and (28), respectively.
Consider ®,, and ¥,, as follows:

¢;nr = I:fblll[ fblﬁH fbml]I
\P; = {gbn]I gblle gan

Tomal],  (43)
soul] . (44)

Since Z >0 and S>0, H'ZH > 0 and G'SG > 0.
Then, from (17), (18) and Lemma 3, we have ® 'H ' ZH® <

& H'ZH®, and ¥'G'SGY < ¥, G'SGY,,. Further-
more, (41) and (42) are reformulated as
N, <U'Z U+ H ZHD,, (45)
N, <M'ST'M+¥)G'SGY,,. (46)
Hence, inequality (23) is satisfied if
Li4+U'Z U+ @ H' ZHD,, @

+M'ST M+ ¥, G'SGY,, <0.

Now, we are ready to state the following theorem.

Theorem 1: The estimation error ¥ satisfies Ho., crite-
rion (15) if there exist symmetric positive definite matrices
Pe R Z;; e R S;; € RP*P a matrix R € RP*" and

sy_nn_netric positive serr_li-fieﬁnite matrices Z,;, Zp,;, Ze;; €
R SaijsSb;j>Se;; € RP*P such that the following convex
optimization problem is solvable:
min(i) subject to
Ly U ®H'Z M' ¥G'S
* =7 0 0 0
* % —Z 0 0 <0, (48)
* % * —S 0
* ok * * —S

where the matrices Ly, Z, S, U, M, H, G, ®,,and¥,, are il-
lustrated in (24), (27), (28), (29), (31), (37), (39), (43)
and (44), respectively. The observer gain is computed as
L=P'RT.

Proof: LMI (48) is derived by using Schur lemma
on (47). Hence, the H. criterion (15) is satisfied with
minimum ,/f obtained from the solution of LMI (48). ®

B. Second LMI method: LPV-based approach

In this section, an enhanced LMI approach is developed
by combining the well-known LPV technique with the new
variant of Young relation (6) and the proposed matrix mul-
tipliers.

The following inequalities are derived by applying in-
equality (6) on (33) and (34):

N; < % [(U+ZH®) Z ' (U+ZH®)],  (49)

N, < %[(I\\/JIJrSG\P)TS’l(MJrSG‘P)], (50)

where Z =7Z" >0 and S=S" > 0 are defined in (27)
and (28), respectively.
Therefore, inequality (23) holds if

Li+ % [(UJrZHCI))TZ] (U+ZH¢)]
(51
+ % {(M—i—SG‘P)TSl (M+SG‘I’)] <0.
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From (17) and (18), each element inside ¢ and ¥ are
bounded and belong to convex sets F,, and G,, respectively.
The sets F,, and G, are defined as follows:

Fn2{@:0< fij < fu Vie{l,...,m}&je{l,....a}t},
G2 {¥:0<g<gy;Vie{l,...,r}&je{l,....p}}.

The set of vertices of F,, and G, are given by

FH, = {{}-117-~-7\7'-1ﬁ7-~-7fm1:~-~:-7_-mﬁ}:-7:ij € [0>fb,/}}7

(52)
GG, = {{g11>~-~>g1ﬁ7~~~7gr17~~~7grﬁ} :Gij € [O’gb,-j]}‘
Hence, the inequality (51) is rewritten as:
1
Ly + {(U+ZH¢)TZ—1 (IU+Z]I—]I<I>)}
2 VoeFy, (53)

+ [I(M—i—SG‘P)TS‘ (M+SG‘P)] <o0.
2 Y¥eg,

Theorem 2: The estimation error X satisfies H.. crite-

rion (15) if there exist symmetric positive definite matrices

PeR™™", Z;; e R™, S;; € RP*P, symmetric positive semi-

definite matrices Zg,;,Zp,;; Zc;; € R Sa;;>SbijSci; € RpP*P

and a matrix R € RP*", such that the following convex
optimization problem is solvable:

min(u) subject to

L, (U+ZH®)' (M+SG¥)'
* 27 0
* * =28

where the matrices L, Z, S, U, M, H, G, ®and¥ are illus-
trated in (24), (27), (28), (29), (31), (37), (39), (38) and (40),
respectively. The observer gain is then obtained as L =
P7IRT.

Proof: The Schur complement of (53) yields the
LMI (54). From convexity principal [8], the H. criterion (15)
is fulfilled by estimation error dynamics (19) if LMI (54) is
solved for all ® € F,, and ¥ € G,. [ |

<0YDEF,, VPG, (54)

C. Some comments

The introduction of the matrices Z and S in LMI (48)
and (54) allows the inclusion of additional numbers of
decision variables. Hence, it is essential to calculate the
exact number of decision variables and compare them to one
obtained in the existing methods described in the literature.

Both LMIs contain the following number of decision
variables:

nn+1
Ngy, =np+ ( ) ) +q+./\/addl +Nadd27 (55)
where,
_ _ a(i+1)
Nada, = (4mit —2m —2ii+ 1) 5 ,
(56)

- tor 2 (20

Nadd, and Nygq, are the number of variables obtained from
matrices Z and S, respectively. Thus, LMI (48) and (54)

have total Nydq, = Nadd, +Nadd, additional number of de-
cision variables. However, if we use block-diagonal matrix
multipliers (similar to [6]) in the proposed LMlIs, then we
obtain the following number of decision variables:

NdV2:np-l—n(n;l)+q+m(ﬁ(ﬁ2+1)>+r(p_(p_2+1)). 7

Nadd,

In (57), Naqq, represents the number of variables obtained
from block-diagonal matrices.

By comparing Ng,, and Ng,,, LMI (48) and (54) have
more decision variables than the LMIs with block-diagonal
matrices. From (55) and (57), we get Nugg, < Nagq,. It
interprets that proposed matrices have more variables than
the other matrices used in the literature. These additional
variables may improve the feasibility of LMI. In the next
section, the relaxation in LMI conditions due to the matrix
multipliers is highlighted through an example.

V. NUMERICAL COMPARISONS

The effectiveness of the proposed LMI is emphasized
in this section with a numerical example. Consider a
second-order system under the form of (11) with follow-

0 1 10 |
1 11°%= o 1B= o] €=

) ==l =l o= )

ing parameters: A =

sin(6x; . . ! 1 _
sin(@xg)} , 8(x) = sin(Axy)sin(Axy), H) = {0 | } JHy =
_1] 0 and F; =1;. Hence, m=2, =2, r=1and p=2.
The partial derivatives of f and g fulfill following inequal-
ities: Py Py
_Qgige’_egﬁge’
dxi dxo
d d
A< 28 <pand -2 <22 <A
Jx| oxa

From Remark 1, we obtain:
fall = O;fbu = 2e;fazl = O;beI =20;
Zayy =038, = 24384y, = 0:8p,, = 24;

Hence, system nonlinearities satisfy (17) and (18).
Further, we will consider the following cases to test the
feasibility of LMlIs:

1) Case 1 : LMI (54) with proposed matrices,

Zn 2y NI
Z= s = el (58
|: :| |:Salz Slz:| ( )

where Z;; = Zirl > 0,72, = Z;l > O,Zb21 = Z;z' >0¢e
R™7, and Si; =S|, >0, S12=2/,>0,5,,=S5,,>
0 € RP*P,

2) Case 2 : LMI (48) with matrices defined in (58).

3) Case 3 : LMI (48) with the matrices proposed in [11],
ie.,

_ | Zn ey «_ | Sn BSi2
oz Zp1 |’ BSi2 Sz |’
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where « = 0.1, =0.1, Z;; = Z], > 0,2y, = Z;, >
OR™ and Sy; = S]; >0, Sip =2, >0 RP*P,
4) Case 4 : LMI approach presented in [6].

TABLE I
OPTIMAL VALUES OF \/ﬁ FOR DIFFERENT CASES

Case 1 Case 2 Case 3 Case 4
6=02
and A =03 1.3731 2.1704 3.0151 1.3737
6—=0.5 1.5282 2.0772 2.1778 1.5958
and A =0.1 : ’ ) ’
6=09 1.9875 6.3298 7.6210 2.0380
and A =0.25 : ’ : ’
=07 3.2500 8.3932 infeasible | 10.6600
and A =1
anedj():.SIS 5 7.1515 10.1047 | infeasible | 33.8465

For all the above cases, LMIs are solved in the MATLAB
toolbox, and the obtained optimal values of |/f are summa-
rized in Table I. It highlights that LPV-based LMI (54) pro-
vides a better solution compared to other cases. In addition to
this, the solution obtained from the LMI condition (48) is bet-
ter than the one with matrices proposed in [11]. The matrix
defined in [6] and [11] are particular forms of the matrices Z
and S, which are defined in (58). Thus, the solution provided
in case 3 is the particular solution of the LMI (48). Hence,
it is obvious that the derived LMI condition (48) is more
generalized and provides larger sets of solutions. This is due
to the number of additional decision variables. Furthermore,
the LPV-based LMI (54) is less conservative than LMI (48)
because of relationship between two Young’s inequality (5)
and (6). Therefore, the combination of the LPV approach
with the proposed matrices helps to relax the existing LMI
conditions in terms of feasibility and noise attenuation.

VI. CONCLUSION

In this paper, two new LMI techniques for the design
of a nonlinear observer are presented. The key element of
the proposed methods is the use of a generalized matrix
multiplier, which leads to an additional number of decision
variables. Such extra variables lead to additional degrees of
freedom, thus improving the LMI feasibility. Further, the
proposed novel matrix multiplier technique is combined with
the LPV-based approach, which enhances the feasibility of
the previous LMI conditions. Numerical comparisons are
provided to show the validity and superiority of the proposed
design methods compared to existing results in the literature.

As future work, we aim to extend the techniques proposed
in this paper to the problem of observer-based control design
and reference trajectory tracking. Indeed, in such a more
general situation, coupling between the observer gains and
the controller gains lead to bilinear terms which are difficult
to linearize. Then, the objective consists in using our matrix
multiplier based approach to convert such bilinear inequal-
ities into non conservative LMI conditions. We also aim to
exploit the proposed techniques for real-world applications,
namely connected and autonomous vehicles, where there are

several unknown input variables to be estimated together
with the system states.
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