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Abstract— This article concerns the performance limits of
strictly causal state estimation for linear systems with fixed, but
uncertain, parameters belonging to a finite set. In particular,
we provide upper and lower bounds on the smallest achievable
gain from disturbances to the point-wise estimation error. The
bounds rely on forward and backward Riccati recursions—one
forward recursion for each feasible model and one backward
recursion for each pair of feasible models. We give simple
examples where the lower and upper bounds are tight.

I. INTRODUCTION

Multiple-model estimation is a valuable tool for state
estimation of systems that operate in different modes, for
problems involving unknown parameters, for dealing with
systems subject to faults, and for target tracking. If the
mode is known, one selects the filter corresponding to the
current mode. Otherwise, one can use a bank of filters, one
for each mode, and cleverly combine the estimates. The
latter approach is precisely what is called multiple-model
estimation.

Almost all of the literature assumes that the system is
affected by stochastic noise and that good noise statistics
are available. Unfortunately, many popular methods are
sensitive to a mismatch between the assumed and actual
noise statistics. This assumption limits the applicability of in
control systems, where we often use simplified models and
disguise the model mismatch as additive disturbances. These
disturbances are sometimes poorly modeled by Gaussian
noise, and the noise statistics are often unknown.

In this article, we consider the problem of predicting the
state of a linear system with unknown but fixed parameters
belonging to a finite set. We assume that the system is
affected by disturbances but make no assumptions about the
noise statistics. We study the minimax performance level, de-
fined as the gain from disturbances to point-wise estimation
error, and are concerned with bounding the optimal (smallest
achievable) performance level. See Fig. 1 for an illustration
of our problem.

A. Contributions

This author, and Rantzer, recently proposed an estimator
that achieves the optimal performance level but the per-
formance level itself was not characterized [1]. The main
contribution of this article is to extend the framework in
[1] with a method to compute upper and lower bounds of
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the optimal performance level. These bounds are computed
offline, a priori, and depend on the pairwise interaction
between candidate models.

B. Background

The idea of using multiple models to reduce uncertainty
is prevalent in many fields. It has been used in adaptive esti-
mation since the *60s [2], where it is called multiple-model
estimation and in feedback control since the *70s [3], where it
is called multiple-model adaptive control [4], or supervisory
control [5]. The concept has been known in machine learning
at least since Dasarty and Sheela introduced the “Composite
classifier system” in 1979 [6], and is commonly referred to
as ensemble learning [7]. In the field of economics, the idea
of multiple models is known as model averaging [8], and
was popularized by the work of Bates and Granger [9].

The task usually falls into one of two categories: model
selection, where the goal is to find the best performing
model, or model averaging, where the goal is to use all the
models to generate an estimate of some common quantity. In
this article, the focus is on predicting the state in dynamical
systems, which falls into the latter category.

When the model is known, the Kalman filter is the realiza-
tion of many reasonable estimation strategies. The minimum
variance estimate, the maximum-likelihood estimate, and the
conditional expectation under white-noise assumptions [10]
all coincide with the estimate generated by the Kalman filter.
The filter also has appealing deterministic interpretations
as the minimum energy estimate [11], [12], and as Krener
showed [13], it constitutes a minimax optimal estimate.

Interestingly, a minimax optimal estimate can be derived
and computed without explicit knowledge of its minimax
performance level, a property not shared with the Hoo-
optimal estimate [14] and controller [15], which require
knowledge of their performance levels. Tamer Basar showed
that the optimal performance level can be obtained from the
finite escape times of some related Riccati recursions [16].

In the case of multiple fixed models, the different estima-
tion strategies give rise to different estimates!. The stochastic
multiple-model approach to adaptive estimation was intro-
duced in the *60s [2], [17] for linear systems with fixed,
but unknown parameters, and has numerous applications in
fault detection, state estimation and target tracking [18]. This
estimation algorithm applies the Bayes rule recursively under

'Except the maximum likelihood estimate under white-noise assumptions
and a uniform prior over M coinciding with the minimum-energy estimate.
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Fig. 1: An illustration of the multiple-model estimation problem.

white-noise assumptions on (w,v) and is well described in
many textbooks like [19], [20], [10]. The book [10] also
contains a convergence result, stating that given a certain
distinguishability condition?, the conditional probability for
the active model generating the data converges to 1 as time
goes to infinity. Vahid et al., [22], proposed a minimum-
energy condition for multiple-model estimation and proved
a convergence result given a persistency-of-excitation-like
criterion.

Multiple-model estimation has also been extended to the
case with changing parameters, the case when ¢ in Fig. 1
evolves on a Markov chain. One can, in principle, solve
exactly for the Baysian average, but this is computation-
ally intractable as the number of feasible trajectories grow
exponentially with time. Instead, there exist sub-optimal
algorithms that cleverly combine estimates at each time-step,
compressing the feasible trajectories, like Blom’s Interacting-
Multiple-Model algorithm, [23]. This idea was further gen-
eralized by Li and Bar-Shalom to the case when the model
set varies with time, [24].

The work in this article is inspired by recent progress in
minimax adaptive control [25], [26], [27], and in a broader
sense, the search for performance guarantees in learning-
based control and identification [28], [29].

C. Outline

The rest of this paper is organized as follows. We establish
notation in Section II. Section IIl contains the problem
formulation and solution. Illustrative examples are in Sec-
tion IV. We give conclusions and final remarks in Section V.
The proofs of the main results and supporting Lemmata are
contained in the appendix.

II. NOTATION

The set of n x m-dimensional matrices with real coef-
ficients is denoted R™*™. The transpose of a matrix A is
denoted AT. For a symmetric matrix A € R™*", we write
A = (»)0 to say that A is positive (semi)definite. The
n X n-dimensional identity matrix is denoted I,, and the
n X m-dimensional zero matrix is denoted 0,,x,,. Given
r € R" and A € R™™", |z} := 2" Az. For a vector
x; € R™ we denote the sequence of such vectors up to time

2Silvestre et al., [21], recently reexamined the distinguishability require-
ments from a multiple-model adaptive control perspective.

t by zjo. = (z)},_o- For a sequence of square matrices
(A;)M . we denote the corresponding block-diagonal matrix
as BDiag(A4;)M .

III. MINIMAX PERFORMANCE LIMITS
A. Problem statement

In this article, we consider strictly causal® state estimation
for uncertain linear systems of the form

(F,H)e M
0<t<N-1,

J]t+1 = Fl’t + We, (1)
yr = Hay + vy,
where z; € R™, and y; € R™ are the states and the measured
output at time ¢. wy € R™ and v; € R™ are unmeasured
process disturbance and measurement noise. We employ a
deterministic framework and make no assumptions on the
distributions of w; and v;. Instead, they are adversarially
chosen to maximize the objective of a related minimax
problem that we will define shortly. The model, (F, H) €
R™ "™ x R™*™ is unknown but fixed, belonging to a (known)
finite set

M = {(F1, Hy),...,(Fa, Hy)}.

The state estimate at time N, 2, is generated by a causal
estimator, p, that depends on previous measurements but is
unaware of the model, (F, H), and noise, (w, v), realizations,

TN = p(yn—1,---,%0)-

We are interested in describing the smallest v, denoted
N such that the below expression has finite value.

Jx(&9) := inf sup lzy — @
H 2o,wi0: N —1],V[0:N—1] %
N—-1

(o0~ 0slh, + 3 [l + ] ) 1@
t=0

where the trajectory .y in (2) is generated according to
(1) with (F;, H;) € M. The problem set-up is a two-player
game where the adversary picks the disturbance sequences
wpo:n—1) and vjo.n_1), the initial state xo, and the active
model ¢ = 1,...,M. The minimizing player picks the

3The ideas in this paper extend to other information structures like
filtering, k-step prediction, and smoothing, but they require some extra steps.

2534



estimation policy p. The matrices Q; € R™*™ and R, €
R™>™ are positive definite matrices that weights the norms
on w and v. The matrices Py ; € R"*™ are positive definite
and quantify the uncertainty in the estimates of the initial
states o ;.

B. Forward Recursions

The forward recursions describe the worst-case distur-
bances consistent with the dynamics and an observed trajec-
tory. They are also fundamental in constructing a minimax-
optimal estimator p,. The recursions are equivalent to those
of a Kalman filter of a system driven by zero-mean inde-
pendent white noise sequences w; and v; with covariance
matrices ; and R; respectively,

Ki; = FiP;H] (R, + H;P,;H )™,

e
Piy1i=Qi+ FiP i Fi— K j(Ri + H; P, ;H; )K, ;.

The relation between the stochastic interpretation and our
deterministic framework lies in that the least-squares esti-
mate coincedes with the maximum-likelihood estimate under
white-noise assumptions.

Remark 1. Fy; is a regularization term that penalizes
deviations from an initial state estimate %o; and can be
interpreted as the covariance of the initial estimate %o ;. It
is practical to choose Py ; as the stationary solution to (3),
and we will do so in the sequel to simplify the notation by
removing the time index. The results in this section are valid
for any positive semi-definite choice of P ;. However, the
resulting observer dynamics will be time-varying. We leave
it to the reader to reintroduce the dependence on t.

The solution, P;, to the Riccati equation (3) quantifies the
uncertainty of the state estimate given the observations yg.;
and the model ¢ and bounds the smallest achievable gain
from below if the model is known. This is formalized in the
following proposition, whose proof is in the Appendix.

Proposition 1. vy > % only if Pi = %1 for all i =
1 M.

yeeey

In our previous work, [1], we show how to construct
the minimizing argument g, of (2) in the case of output-
prediction. The estimator uses the forward recursions (3)
and requires a 7y that fulfills Proposition 1. The following
proposition shows how to construct a state predictor that is
optimal for (2).

Proposition 2 (Minimax multiple-model estimator). Given
matrices F; € R™ ™ and H; € R™*", positive definite
Qi, Pos e R and R; e R™*™ fori=1,..., M. With
Poi, P; and K; as the stationary solutions to (3),

R, = R; + H;P,H], €]

a quantity Yy such that ¥4I = P, the below estimate
achieves the infimum in (2):

- : A o2 2
N = n}mmax{\xjv = ENil{1_y-2p)-1 — ’YNCN,i} ;
TN K3

where Ty ; € R" and cy,; € R are generated according to

Zo,i = o, co; =0, (5a)
Ty, = FiZbe i + Ki(ye — HiZl ), (5b)
Ci1,i = |[Hiy i — Z/tﬁ?iﬂ + Ctyi- (5¢)

Proof. The proof is identical to that of Theorem 1 in [1]
but with the following modifications: Fp; is replaced by
the stationary solution to (3) leading to K, ; and P, ; being
replaced by K; and P;, the term §yy — H;x is replaced by
T N —IN. O

C. Backward Recursions

The backward recursions are similar to those of the linear-
quadratic regulator and relate to the worst-case trajectories,
in contrast to the forward recursions, which relate to the
worst-case disturbances consistent with any given trajectory.
They play no role in constructing the optimal estimator, iy,
once a performance level v has been found, but form the
basis for a priori analysis of the optimal performance level
vy that holds for any realization. Let

_ [F — K;H,

O’VLXTL

Onxn Kij — Ki )
Fj— K;Hj|” K;
F}7 corresponds to the closed-loop of a pair (i, j) of Kalman
filters with filter gains K; and K as in (3). We will express
the necessary and sufficient conditions using the following

Riccati recursions. Given some symmetric matrix 7' ]’\f €
R2"2" and t =N —1,...,0,
Xy = (KL K + (R + R,
L = (X))~ ()T, P9 — R By UH))
T = (FU)' T, FY = (L) X LY ©6)
N {H}RilHi

i

TpH—1 .
HTR; HJ}

For these recursions to be well-defined, the matrix X tij must
be invertible. The conditions for bounding ~7, are related
to the positive definiteness of X;’ and are summarized
in Theorems 1 and 2 below. The first concerns sufficient
conditions and can be used to obtain upper bounds.

Theorem 1 (Sufficient Condition). Given matrices F; €
R™*™ and H; € R™*", positive definite @Q; € R"*" and
R; € R™*™ for i =1,..., M. Further, let Py; = P; and
K; be the stationary solutions to (3), and consider a quantity
N such that y3 1 = P;. Let Q € R™ ™ be a positive definite
matrix such that Q < I — 'y;,zPi foralli=1,..., M and
initialize the backward recursions (6) with the terminal state

.. -1 — -1
TJZ\? = - {%1 le ] /712\%

Assume that ij in (6) is negative definite for all i, j. Then
Vv <N and

-
1 G0 s [0,
J5(20) < =max{ —~% [0 T |0 L
Vit = 508 { w [90073} M ECY
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TABLE I: Parameters for the systems in Fig. 2a-2d. In all
cases )1 = Q2 = Ry = Ry =1 and Fy; is the stationary
solution to (3).

System Fi; F, H; H Py Py

2a 1.1 1.1 1 -1 177 177
2b 09 09 1 -1 148 148
2c 07 09 15 1 116 148
2d 2 1 1 16 423 1.00

The second theorem concerns necessary conditions and
helps obtaining lower bounds.

Theorem 2 (Necessary Condition). Given matrices F; €
R™*™ and H; € R™*", positive definite Q; € R"*" and
R; e R™*™ for i = 1,...,M. Further, let Py; = P; and
K; be the stationary solutions to (3), and consider a quantity
N such that %1 = P;. Initialize the backward recursion
(6) with the terminal state
iy i Qi
TJl\; == {_QQ@‘ Q% } /712\/7

QY = (2 — v5*(Pn,i + P )

Ithij 2 0 for some pair i,j and 0 < t < N — 1, then
>N IF XY =0, forallt =0,...,N — 1 then

.
1 Fo R

T (o) > =max { —3 [0 T [0 L

~( 0)72 i { YN [Io,j 0 o

Remark 2. Theorems 1 and 2 give upper and lower bounds
on J; that can be translated upper and lower bounds on
by bisecting over .

IV. EXAMPLES

Figures 2a—2d show «}, along with upper bounds, 7, and
lower bounds, ~y . for four different pairs of scalar systems,
defined in Table I. The optimal performance level, YN Was
computed using the construction in Appendix B, gridding
the probability simplex {(6,1 —6) : § = 0,1073,...,1 —
1073,1} and the bounds were computed using Theorem 1
and 2, bisecting over 7 to an accuracy of £1073. The
systems in Fig. 2a are unstable and indistinguishable, and the
resulting optimal performance level -3, grows exponentially
in N. Fig. 2b is also indistinguishable, but here both systems
are stable. The optimal performance level «}; is bounded and
is equal to the lower bound ~ . This is because the systems
are BIBO stable, so picking Zy = O results in an estimation
error bounded by the disturbance’s norm. Fig. 2c contains
two stable systems that are distinguishable. The performance
level v* is similar to the case where the system is known, and
the bounds are close. % is smaller than the other examples.
Fig. 2d contains two unstable distinguishable systems. Here
N is bounded and approaches the upper bound 7.

V. CONCLUSIONS

This article proposed a method to compute upper and
lower bounds for the optimal minimax performance level
for uncertain linear systems, where the uncertainty belongs

to a finite set. The bounds are computed by evaluating
the positive-definiteness of matrices appearing in coupled
Riccati recursions. The performance level refines the notion
of distinguishability in a priori analysis of the problem set-
up for multiple-model estimation, and answers the question
“To what extent can I guarantee the performance multiple-
model estimation applied to my problem?”. Our experiments
indicate that if similar output trajectories come from similar
state trajectories, the gain is small. This agrees with the
intution that such systems generate similar estimates, and that
in order for these estimates to be poor, the disturbances must
be large. However, if similar output trajectories come from
different state trajectories, the state estimates will be different
even for small disturbances, and as the optimal estimate is
an interpolation of the estimates from the different models,
the term = — 2 will be large even for small distrubances.
The provided examples show that there are systems where
the optimal performance level is equal to its lower bound,
approaches its upper bound, and where neither bound is ever
tight.

As with H.-control and estimation, the results are valid
for any disturbance realization but are conservative if good
disturbance statistics are available.

A. Future Work

The numerical examples show that the bounds are tight
for some systems, but not for others. The difference between
the upper and lower bounds trivially bounds the conserva-
tiveness, but obtaining general conditions, and classifying
systems where the bounds are tight, would enhance the
practical utility of the results.

In this work, the system parameters F; and H; are assumed
to be fixed. The extension to time-varying parameters is
straightforward, but the extension to jump-linear systems
is not. The reason is that the number of feasible param-
eter trajectories grows exponentially with time. There are
heuristic ways of combining the Kalman filter estimates from
different models, such as Blom’s interacting-multiple-model
estimator, [30].

The worst-case history can be losslessly compressed to
quadratic functions, but the number of functions will grow
exponentially in time. However, it is possible to upper bound
the time-evolution of the worst-case data-consistent param-
eter realization by updating a constant number of quadratic
functions, similar to how we combine many Kalman-filter
estimates into one estimate in this paper. It would be interest-
ing to exploit this bound to extend the results to jump-linear
systems.
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Fig. 2: Numerically evaluated optimal performance levels, upper and lower bounds for the four system pairs considered
in Section IV. Only stable and or distinguishable systems have bounded performance levels. In two pairs 3, achieves the

lower bound, and in Fig 2d it approaches the upper bound.

APPENDIX
A. Proofs

This section proves Theorems 1 and 2. In doing so
we obtain an expression that can be used to evaluate the
value (2), but is computationally intractable for problems
with uncertainties belonging to moderately-sized sets.

1) Proof strategy: We reparameterize the disturbance tra-
jectory (wo:n—1], V[o:n—1]) in the state-output trajectory and
the active model (2(o.x—1], Y[o:N—1], ). This reparameteriza-
tion allows us to partially switch the order of the minimiza-
tion and the maximization, as p is a function of yjo.n_1),
yielding a problem of the form maxy,. ., min, max; g . ;.
Previous work, [1], shows how to maximize over x[o.n] using
forward dynamic programming, resulting in the forward
Riccati recursions (3).

We then reformulate the maximization over the feasible
set to maximizing over its convex hull. This reformulation
allows us to switch the order of minimizing with respect to
1 and maximizing with respect to the model. The catch is
that while the value is unchanged, the maximizing 6 is not
necessarily the same. As we are interested in the value, we
can ignore this issue.

The inner minimization problem is unconstrained and
convex-quadratic in the estimate 2, which has a closed-
form solution. The maximization over the convex hull of the
model set is then bounded from above and from below by
a maximum over a finite number of functions that linear-
quadratic regulator costs in y[o.y—_1), Which has a solution
expressed by the backward Riccati recursion, (6).

2) Reparameterization: The disturbance w; is uniquely
determined by F' = F; and (x¢11,2¢), and vy is uniquelly
determined by H = H,, y; and z;. As the maximizing player
is aware of the dynamics, ¢, we can substitute w; = 441 —
Fi(Et and Vt = Yt — Hil't into (2),

Jx (&) = inf sup
K xi0.N,Y[0:N —1] 51
-1
- [|17t+1 - Fixtléjl + |y — Hz‘xt@ﬂ} } @)

t=

lzn—2N[*=?|z0—F0:[F, ,

Furthermore, as p is a function of Yjo:N—1]» WE can move
the maximization over output trajectories outside of the
minimization and minimize directly over the estimate &y €
R™. Consider the inner maximization over state trajectories,
which is a function of the observations and estimates,

TN (yo:n—1)s BN, £0) =

sup {|9CN — N[> =X lo — Roalh,

Z[0:N],?
N—-1

-7 [|93t+1 = Fiag| 3o + ye — Hi:ctligﬂ} . ®)
t=0

Then (7) can be written as

Ji(#0) = sup inf JN™ (yjo.n—1),En,20). (9
Yio:N—1] TN

3) Foward recursion: Following the proof of Theorem 1
in [1], with P ; as the stationary solution to (3), we see that
the value inner optimization problem (8) is equal to

oo o)

— max {|33N N S 7chﬂ-} . (10)
3

sup {|50N —zn)? = (|IN —IN,
2, TN

if T = ~72P7! for all i. The value is unbounded if
I % 7‘2Pi_1 for some ¢, which proves Proposition 1.
Proposition 2 shows how to compute Ty ;, P; and cy; in
(10)

B. Exact computations of Jjy

By substituting (10), we see that the value of (9) is equal
to

sup n}inmax{|§:N _j/j]\/',i|?[7,y—2pi)—l —VQCN,i}. (11)
Yo:N—1] TN T

Maximizing over the finite set M in (11) is equivalent
to optimizing for convex combinations over the probability
simplex © = {# e R" : 0 < §; < 1,2%1 6; = 1}. The
equivalence is because the optimal value of a linear program
over a simplex is located on a vertix. As (11) is convex
in 2, the minimizing £ can be bounded in terms of Iy ;.
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The convex combination is affine in 6, so Von Neumann’s
minmax theorem applies and the value (11) is equal to

M
supmm{ZH (|x*xNz|QN ’YZCN,i) }7

gco @ 7
where Qn; = (I — v 2P;)~'. Applying Lemma 3 to the
inner minimization problem means that the value (11) is
equal to

sup
Ylo:N-1)]

{29 (IwHIQN ’VQCN,i)
- ‘ Z 0:QNTN,; ’
=1

. 12
(ZeiQN,i)l} (12)

For a fixed 6, this is a sequential quadratic optimization
problem in y that can be solved using dynamic programming.
In fact this can be reformulated into a standard linear-
quadratic regulator problem, except that the terminal penalty
is indefinite. This indefinite term will, for small values of
7N, lead to a loss of concavity in yjp.y—1]- This means that
the value is unbounded, and vy < 7} Larger values of vy
will compensate for the indefinite term and ensure concavity
in ypo.n—1). Testing for concavity amounts to evaluating
whether X, in (16) is positive definite for all ¢. If concavity
in yjo.ny—1) holds for all § € ©, then the value is finite and
YN = Yn- Define

F ¥ BDiag ({F; — K, H;}M))

. def T def T
%y = [xtl xIM} , K= = [KT K}A
Then, the multi-observer update (5b) becomes,
Xiy1 = FX¢ + Ky
Further, let
Qn ¥ BDiag{0;Qn,i }1L,
T
01QN1 . 01QnN1
- : ((ZaiQN,i)il) : ;
O QN,m O QN,m
(13)
Q NT| ar [ BDiag ({—H] },)
N R| I - I
N iag ({—HTYM ) 1T
< BDiag ({0,711, ) | PR AR

(14)

where X denotes standard matrix product. With [(6, X;,y;) =
Vi (1Relg — 2y N%¢ + |ye|& ). (9) becomes

N-—1
Ty (i) = —inf inf 10, %,
b =it {3 100
v (6,20)
(15)

It is apparent that [ is strictly convex in y,. However, the
terminal penalty matrix, Q, is indefinite, which may cause
(15) to lose convexity and become unbounded.

Remark 3. The stage cost is a convex combination of the
Kalman filter residuals 1(0,%:,yt) = V% Zf\il (Bicei)-

The Riccati recursions corresponding to the linear-
quadratic regulator are well described in many textbooks, for
instance in [31, Chapter 11.2], and can be used to compute
the value provided that 6 € © fixed:

X;=K'T;K+R, L;=X;
T, , =FT,F+Q-L/X,L,.

1 T _
(K'T,F — N) 16

The relationship between the solution to the above Riccati
equations and the value of the game are summarized in the
below lemma.

Lemma 1. Consider the backward Riccati equations above
with terminal condition Ty = —Qn /7% Let J% (o) be the
value of the game (2) and Jn(0,xq) be value of the inner,
sequantial, optimization problem in (15). If X; A 0 for some
0 € O, then J¥(xo) is unbounded. If X > 0 for all 6 € ©
then Jn(0,20) = —yx|%ol%,, and

Jn(Zo) = meaX(JN(H,i"o)) .

C. Upper- and Lower bounds of Jy

This section develops upper and lower bounds on the
objective, (2). As the maximum is greater than the average
of any two points, we have that

JN(Zo) > sup min

17¢,. .9
g nin o [N = Il -2 py
4,5, Yjo:n—1] TN

2 o Y 2 2
—7Y7C¢N: T+ |$N _xN,j|(1_.y—2pj)f1 - CN’j}

= sup

o o 2
o *{|93N,i - xN,j|(21—w—2P7v—y—2Pj)—1
1:3:Y[0: N —1]

def
— "YQCNﬂ; — 'ychJ} = m XJN(xO) 17

0.
Thus vy < ~}% only if l%(i:o) is bounded for all pairs
(4,7). Towards finding a sufficient condition, let S € R™*"
be a positive definite matrix such that S < I — 7_2P¢ for all
i=1,..., M. Then, applying Lemma 2 to (12), we have

Jx(Z0) <
M
max { D 061N —Englea /2= Y 9¢CN,z'}

1
< max max - {lZn, —

2
naxme - (eni+eny)}

En %

T (@0)
(18)

Thus, if 7%(5:0) is bounded for all pairs (,j), then %*v <
"(#0)

vn. The only difference between the expressions of J'
and J" (i) is the penalty of the term |&y; — Zx ;|2.
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Theorems 1 and 2 follow from applying Lemma 1 to the
upper bound J (i) in (18) and the lower bound .J% (&)
in (17) with 6, = 6; = 1

D. Lemmata

Lemma 2. Let X; = 0 and 0; € (0,1) fori =1,...,
and that Zgl 0; =1. Let S =>0M X!, then

M
min {37 0o = il = 301X il s
i=1

1 M
t3 D0 (X ey — X agl) )
j=1

Proof. As X; = 0, we have that ZHinl > 0 and the
(unique) minimum is a stationary point. We have

M
min {Z ;v — xl\i,l} = ZGi\xi@(;l

- |29X xZ|(ZMGX

M

With S := ( iw 0;X; '), we have that
M M M
- ‘Zele_ll‘ngg = — ZzeﬂjxiTX[TSXj_lasj
i=1 i=1 j=1
M M ’ M
72299 (1% s — X5 ay03) = > 0] X; a3
i=1 j=1 i=1

O
Lemma 3 (Interpolation). Let z; € R™ and Z) € R™*™ be

matrices such that Zle Zip =0 fork=1,... K. Then,
K 2
: 2
min Z|m—zk|zk Z|Zk|Zk ZZkzk
k=1 k=1 (Croy Zr) 7t

Proof. The problem is unconstrained and strictly convex—
the minimizing solution is given by the stationary point. [

REFERENCES
[1]

O. Kjellgvist and A. Rantzer, “Minimax adaptive estimation for finite
sets of linear systems,” in 2022 American Control Conference (ACC),
2022, pp. 260-265.

D. Magill, “Optimal adaptive estimation of sampled stochastic pro-
cesses,” IEEE Transactions on Automatic Control, vol. 10, no. 4, pp.
434-439, 1965.

M. Athans, D. Castanon, K. Dunn, C. Greene, W. Lee, N. Sandell,
and A. Willsky, “The stochastic control of the f-8c aircraft using a
multiple model adaptive control (mmac) method—part i: Equilibrium
flight,” IEEE Transactions on Automatic Control, vol. 22, no. 5, pp.
768-780, 1977.

D. Buchstaller and M. French, “Robust stability for multiple model
adaptive control: Part i—the framework,” IEEE Transactions on Au-
tomatic Control, vol. 61, no. 3, pp. 677-692, 2016.

J. P. Hespanha, “Tutorial on supervisory control,” in 40th Conf. on
Decision and Control, 2001, lecture notes for the workshop Control
using Logic and Switching.

B. Dasarathy and B. Sheela, “A composite classifier system design:
Concepts and methodology,” Proceedings of the IEEE, vol. 67, no. 5,
pp. 708-713, 1979.

T. G. Dietterich, “Ensemble methods in machine learning,” in
International Workshop on Multiple Classifier Systems, 2000. [Online].
Available: https://api.semanticscholar.org/CorpusID:56776745

[2]

[3]

[4]

[5]

[6]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]
[26]

[27]

(28]

[29]

[30]

[31]

2539

M. E. J. Steel, “Model averaging and its use in economics,” Journal
of Economic Literature, vol. 58, no. 3, pp. pp. 644-719, 2020.
[Online]. Available: https://www.jstor.org/stable/27030468

J. M. Bates and C. W. J. Granger, “The combination of forecasts,”
Journal of the Operational Research Society, vol. 20, pp. 451-468,
1969. [Online]. Available: https://api.semanticscholar.org/CorpusID:
14178367

B. Anderson and J. Moore, Optimal Filtering. Englewood Cliffs, NJ:
Prentice-Hall, 1979.

J. Willems, “Deterministic least squares filtering,” Journal of
Econometrics, vol. 118, no. 1, pp. 341-373, 2004, contributions
to econometrics, time series analysis, and systems identification: a
Festschrift in honor of Manfred Deistler. [Online]. Available: https:
/Iwww .sciencedirect.com/science/article/pii/S0304407603001465

D. Buchstaller, J. Liu, and M. French, “The deterministic interpretation
of the kalman filter,” International Journal of Control, vol. 94, pp. 1-
19, 04 2020.

A. Krener, “Kalman-bucy and minimax filtering,” IEEE Transactions
on Automatic Control, vol. 25, no. 2, pp. 291-292, 1980.

X. Shen and L. Deng, “Game theory approach to discrete Ho filter
design,” IEEE Transactions on Signal Processing, vol. 45, no. 4, pp.
1092-1095, 1997.

T. Basar and P. Bernhard, Ho-Optimal Control and Related Minimax
Design Problems — A dynamic Game Approach. Birkhauser, 1995.
T. Bagar, “Optimum performance levels for minimax filters, predictors
and smoothers,” Systems & Control Letters, vol. 16, no. 5, pp.
309-317, 1991. [Online]. Available: https://www.sciencedirect.com/
science/article/pii/016769119190052G

D. G. Lainiotis, “Partitioning: A unifying framework for adaptive
systems, i: Estimation,” Proceedings of the IEEE, vol. 64, no. 8, pp.
11261143, 1976.

X. Rong Li and V. Jilkov, “Survey of maneuvering target tracking.
part v. multiple-model methods,” IEEE Transactions on Aerospace and
Electronic Systems, vol. 41, no. 4, pp. 1255-1321, 2005.

F. Gustafsson, Adaptive Filtering and Change Detection. Wiley, 2000.
J. L. Crassidis and J. L. Junkins, Optimal Estimation of Dynamic
Systems, Second Edition (Chapman & Hall/CRC Applied Mathematics
& Nonlinear Science), 2nd ed. Chapman & Hall/CRC, 2011.

D. Silvestre, P. Rosa, and C. Silvestre, “Distinguishability of discrete-
time linear systems,” International Journal of Robust and Nonlinear
Control, vol. 31, 12 2020.

V. Hassani, A. P. Aguiar, M. Athans, and A. M. Pascoal, “Multiple
model adaptive estimation and model identification usign a minimum
energy criterion,” in 2009 American Control Conference, 2009, pp.
518-523.

H. A. P. Blom and Y. Bar-Shalom, “The interacting multiple model
algorithm for systems with markovian switching coefficients,” IEEE
Transactions on Automatic Control, vol. 33, no. 8, pp. 780-783, 1988.
X.-R. Li and Y. Bar-Shalom, ‘“Multiple-model estimation with variable
structure,” IEEE Transactions on Automatic Control, vol. 41, no. 4,
pp. 478-493, 1996.

A. Rantzer, “Minimax adaptive control for state matrix with unknown
sign,” 2020.

——, “Minimax adaptive control for a finite set of linear systems,”
2021.

0. Kjellgvist and A. Rantzer, “Learning-enabled robust control with
noisy measurements,” in Learning for Dynamics and Control Confer-
ence. PMLR, 2022, pp. 86-96.

N. Matni, A. Proutiere, A. Rantzer, and S. Tu, “From self-tuning
regulators to reinforcement learning and back again,” 12 2019, pp.
3724-3740.

H. Mania, A. Jadbabaie, D. Shah, and S. Sra, “Time varying
regression with hidden linear dynamics,” in Proceedings of The
4th Annual Learning for Dynamics and Control Conference, ser.
Proceedings of Machine Learning Research, R. Firoozi, N. Mehr,
E. Yel, R. Antonova, J. Bohg, M. Schwager, and M. Kochenderfer,
Eds., vol. 168. PMLR, 23-24 Jun 2022, pp. 858-869. [Online].
Available: https://proceedings.mlr.press/v168/mania22a.html

H. A. P. Blom, “An efficient filter for abruptly changing systems,”
in The 23rd IEEE Conference on Decision and Control, 1984, pp.
656—658.

K. J. Astrém and B. Wittenmark, Computer-Controlled Systems (3rd
Ed.). USA: Prentice-Hall, Inc., 1997.



