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Digital control of negative imaginary systems: a discrete-time hybrid
integrator-gain system approach

Kanghong Shi,

Abstract— A hybrid integrator-gain system (HIGS) is a con-
trol element that switches between an integrator and a gain,
which overcomes some inherent limitations of linear controllers.
In this paper, we consider using discrete-time HIGS controllers
for the digital control of negative imaginary (NI) systems. We
show that the discrete-time HIGS themselves are step-advanced
negative imaginary systems. For a minimal linear NI system,
there always exists a HIGS controller that can asymptotically
stablize it.

Index Terms— negative imaginary system, hybrid integrator-
gain system, discrete-time system, digital control, feedback
stability, switched system.

I. INTRODUCTION

Hybrid integrator-gain systems (HIGS) are hybrid control
elements introduced in [1] to overcome fundamental limita-
tions of linear time-invariant (LTI) control systems [2], [3]. A
HIGS switches between an integrator mode and a gain mode
so that a certain sector constraint is satisfied. To be specific, a
HIGS is primarily designed to operate as an integrator, and it
switches to the gain mode when its integrator dynamics tend
to violate the sector constraint. The describing function of a
HIGS has a phase lag of only 38.15 degrees, which is much
smaller than the 90 degrees phase lag of an integrator. Reset
elements including the Clegg integrators [4] and first-order
reset elements [5], [6] also have such advantages. However,
they generate discontinuous control signals which may cause
chattering and degrade the system performance [7], while
HIGS generate continuous control signals. HIGS controllers
have attracted attention since it was introduced (e.g., see [8]—
[13]) and have found application on wafer scanners [14] and
atomic force microscopy [15], where the latter work was
motivated by the negative imaginary property of HIGS.

Negative imaginary (NI) systems theory was introduced
by Lanzon and Petersen in [16] and [17], and has attracted
attention from many control theorists [18]-[22]. A typical
example of NI systems is a mechanical system with colocated
force actuators and position sensors. Motivated by the robust
control of flexible structures [23]-[25], which have highly
resonant dynamics, NI systems theory uses positive position
feedback control. Roughly speaking, a square real-rational
proper transfer matrix F(s) is said to be NI if has no poles
on the open right half-plane and j(F(jw) — F(jw)*) > 0
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for all w > 0. The Nyquist plot of a single-input single-
output (SISO) NI system is contained in the lower half of the
complex plane. Under mild assumptions, an NI system F'(s)
can be asymptotically stabilized using a strictly negative
imaginary (SNI) system F(s) in positive feedback if and
only if the DC loop gain has all its eigenvalues less than
unity; i.e., Apag(F(0)F5(0)) < 1. Compared with passivity
theory which can deal with systems having relative degree of
zero and one [26], NI systems theory can deal with systems
having relative degree of zero, one and two [27]. NI systems
theory has been applied in many fields including nano-
positioning control [28]—[31], the control of lightly damped
structures [32]-[34], and the control of power systems [35],
etc.

NI systems theory was extended to nonlinear systems
in [36]-[38]. Roughly speaking, a system is said to be
nonlinear NI if it has a positive semidefinite storage function
V(x) such that V(z) < uTy, where z, u and y are the
state, input and output of the system, respectively. Under
some assumptions, a nonlinear NI system can be stabilized
using another nonlinear NI system with a certain strictness
property; e.g., output strictly negative imaginary systems
[38], or weakly strictly negative imaginary systems [36].
It is shown in [15] that a HIGS controller is a nonlinear
NI system. Also, for any minimal SISO linear NI system,
there exists a HIGS controller such that their closed-loop
interconnection is asymptotically stable. Motivated by the
effectiveness of HIGS in the control of NI systems, the paper
[39] showed the nonlinear NI property of two variants of
HIGS including the multi-HIGS which was introduced in
[40], and the cascade of two HIGS. It was also proved in
[39] that these two variants of HIGS controllers can be used
in stabilizing linear NI systems. This stability result was then
applied on a MEMS nanopositioner [39].

However, although the use of HIGS as NI controllers
follows from the stability analysis in continuous time, the
control of physical systems often requires construction of
digital controllers. For the purpose of digital control, a
discrete-time HIGS was introduced in [41], which has a
similar working mechanism as the continuous-time HIGS.
Meanwhile, a novel discrete-time NI systems definition was
introduced in [42], which characterizes the dissipativity
property for a ZOH sampled continuous-time NI system.
Note that the discrete-time NI systems definition in [42] is
different from the previously introduced definition in [43],
which was mapped from the continuous-time NI systems
definition using a bilinear transform. Since the definition
of discrete-time NI systems in [42] is obtained using ZOH
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sampling, it is guaranteed to be satisfied by any ZOH
sampled physical plant with the NI property. It is shown in
[42] that the closed-loop interconnection of a discrete-time
NI system and a so-called step-advanced negative imaginary
(SANI) system is asymptotically stable, given that either of
the systems has some strictness property.

In this paper, we use discrete-time HIGS as controllers
for NI systems. We show that a discrete-time HIGS is
an SANI system. Furthermore, we establish the following
stability result: for any discrete-time NI system, there exists
a discrete-time HIGS controller that ensures closed-loop
asymptotic stability. This paper contributes in providing
a specific digital control framework for physical systems
with the NI property. The implementation process of a
HIGS controller only involves the selection of parameters
in order to satisfy a simple condition. In comparison to the
continuous-time design approach where a continuous-time
controller is constructed based on the continuous-time model
of the plant and subsequently discretized [44], the advantages
of the framework in the present paper are two-fold: (a) the
design and implementation processes are simpler; (b) closed-
loop stability is more rigorously guaranteed.

The rest of the paper is organized as follows. Section II
provides preliminary definitions and lemmas for discrete-
time NI systems that are introduced in [42]. Section II also
provides the state-space model of a discrete-time HIGS.
Section III contains the main results of this paper. We show
in Section III the NI property of a discrete-time HIGS. We
also show that given a linear discrete-time NI plant, there
always exists a HIGS controller that can stabilize the NI
plant. Section IV concludes the paper and discusses potential
future work. An illustrative example is provided in the full
archive version of the paper (see [45]).

Notation: The notation in this paper is standard. R denotes
the field of real numbers. N denotes the set of nonnega-
tive integers. R™*™ denotes the space of real matrices of
dimension m x n. AT denotes the transpose of a matrix
A. A~T denotes the transpose of the inverse of A; that is,
AT = (A HT = (AT)7L. X\42(A) denotes the largest
eigenvalue of a matrix A with real spectrum. || - || denotes the
standard Euclidean norm. For a real symmetric or complex
Hermitian matrix P, P > 0 (P > 0) denotes the positive
(semi-)definiteness of a matrix P and P < 0 (P < 0)
denotes the negative (semi-)definiteness of a matrix P. A
function V' : R® — R is said to be positive definite if
V(0) =0 and V(z) > 0 for all = # 0.

II. PRELIMINARIES
A. Discrete-time NI systems
Consider the system

(1a)
(1b)

Trpy1 = [Tk, uk),
Y = h(xk)a
where f: R™ x RP — R" and h : R™ — RP. Here uy, yi €

RP and z;, € R"™ are the input, output and state of the system
at time step k € N, respectively.

Definition 1: [42] The system (1) is said to be a discrete-
time negative imaginary (NI) system if there exists a positive
definite function V' : R” — R such that for arbitrary z;, and
Uk,

V(@s1) = V() < up; (Yher = yn) 2

for all k.
We provide the necessary and sufficient linear matrix
inequalities (LMI) conditions under which Definition 1 is
satisfied by a linear system of the form
Y mpy = Azy, + Bug,
yr = Cuy,

(3a)
(3b)

where x; € R", ug, yr € RP are the system state, input and
output, respectively.

Lemma 1: [42] Suppose the linear system (3) satisfies
det(I — A) # 0. Then the system (3) is NI with a positive
definite quadratic storage function satisfying (2) if and only
if there exists a real matrix P = PT > 0 such that

ATPA-P<0 and C=BT(I-A)TP.
We present in the following, the definition of SANI
systems. Consider the system

Try1 = f(Tk, ur),
U = h(Zg, ug),

where f: R™ x R? — R" and h : R" — RP. Here u,y € RP
and z € R™ are the input, output and state of the system at
time step k € N, respectively.

Definition 2: [42] The system (4) is said to be a step-
advanced negative imaginary (SANI) system if there exists
a function h(xy) such that:

1) h(fk,ﬂk) = h(f(ffk,ak)); _

2) there exists a positive definite function V': R” — R

such that for arbitrary state ) and input uy,

V(@ksn) = V(@) < af (hEr) - hi@) )

for all k.

Remark 1: Definition 2 can be regarded as a variant of
Definition 1 in a way such that the system output takes one
step advance. To be specific, suppose the system (1) is NI as
per Definition 1. Then a system with the same state equation
(1a) and an output equation g = h(zrr1) = h(f(xk, ug)) is
an SANI system. Note that this does not affect the causality
of the system because h(f(xx,ur)) is a function of the state
xj and input uy of the current step k.

(4a)
(4b)

B. Discrete-time hybrid integrator-gain systems

Discrete-time HIGS were introduced in [41]. We adapt the
model in [41] to fit the system model (1) in the following.

xp(k+1) = zp(k) + wpe(k), if (zn(k),e(k)) € F

H:Szp(k+1) = kpe(k), if (xp,(k),e(k)) ¢ F
yh(k) = Ih(k} + 1).

(&)

Here, e(k), v (k), yn (k) € R are the system input, state and

output, respectively. The constant parameters w; > 0 and
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kp > 0 are called the integrator frequency and the gain
value, respectively. The HIGS is designed to operate under
the sector constraint (zp,(k),e(k)) € F, where F is given
by

F ={(zn(k),e(k)) € R? |

(xp (k) + wpe(k))e(k) > k—(a:h(k) +wre(k))?}. (6)
At time step k, if (e(k),yn(k)) € F, then (e(k),yn(k))
is contained in the sector [0, kp]. The HIGS is designed
to operate primarily in the integrator mode if the input
e(k) leads to an output yp(k) within the sector [0, kp]
under the integrator mode dynamics. Otherwise, the system
operates in the gain mode so that y,(k) = kpe(k), which
automatically satisfies the sector constraint [0, k). According
to (5), regardless of the initial condition x(0), the discrete-
time HIGS will remain in the sector given in F from the
time step £ = 1. In what follows, we denote e(k), xp (k) and
yn(k) by e, Ty, and gy, respectively for convenience. Note
that the parameter wy, in the present paper corresponds to the
product wy T in [41], where wy, is the integrator frequency of
the corresponding continuous-time integrator and T is the
sampling period. Since we only consider the discrete-time
case in the present paper, we regard wy, as the discrete-time
integrator frequency.

1
h

III. MAIN RESULTS
A. SANI property of the HIGS

We show in the following that the HIGS given in (5) is
an SANI system.

Theorem 1: The system given in (5) is an SANI system
with the storage function

- 1,
V(Tk) = ey Uk 7

satisfying
V(@) = V(@) < en(Trpr — Tn), (8

for any input ej, and state Ty.

Proof: According to Definition 2 and Remark 1, the
HIGS is an SANI system if it is NI from the input e, to the
state Tj. Hence, we prove in the following that (8) is satisfied
in both integrator mode and gain mode. Substituting (7) into
(8) yields

i’fQ —i52<e (Tp+1 — Tk) )
Oy R+ T op, Tk = CRiTRAL Tk),
which is required to be satisfied in both modes.
Case 1. In the integrator mode, we have the state equation
Tp41 = T + wpey, and also (T, er) € F. In this case, (9)
becomes

2Zrer < (2k, — wp)es, (10)

which is always satisfied when e;, = 0. When e # 0, (10)
can be rewritten as

Zx—k S Qkh — Wh.
ek

(1)

The condition (T, ex) € F implies
fi + (2wh — kh)fkek + (wh — khw)ez <0.
This implies that for ej # 0,

12)

€k

- .2 -
(ﬁ> + (2wp, — kh)i_: + (wjp — kpwy) < 0.

By solving (12), we have that operating in the integrator
mode requires the HIGS input e, and state xj, to satisfy

T
—wp, < — < kp — wp,.
(&3

Such a pair of T and ey, always satisfies (11).
Case 2. In the gain mode, we have that Ty 1 = kpep and
(ZTk, ex) ¢ F. In this case, (9) becomes

Ty — 2kpTrer + kjer >0,
which always holds because
?L‘% — 2kpTrer + kﬁez = (Ek — khek)z > 0.

Since condition (8) is satisfied in both modes, then the system

(5) is an SANI system. [ |
U Yk
G(2)
Y ek
HIGS H
Fig. 1. Closed-loop interconnection of the system (3) with the transfer

matrix G(z) and the HIGS # given in (5).

B. Stability for the interconnection of a linear NI system and
a HIGS

Motivated by the SANI property of the HIGS, we investi-
gate whether a HIGS controller can be applied in the control
of a minimal SISO linear NI system. Consider a SISO system
of the form (3) with uy, yr € R, which has a transfer function
matrix G(z). We show in the following that if the system X in
(3) is NI, then there exists a HIGS controller 7 such that the
positive feedback interconnection of 3 and ‘H shown in Fig. 1
is asymptotically stable. The setting of the interconnection
can be described as follows:

ek = Yk;
g = Y-

This means the HIGS H takes the output of the system X
as its input and feeds back its output to the system 3 as its
input.

Theorem 2: Suppose the SISO minimal system (3) with
transfer function matrix G(z) is NI and satisfies det(I—A) #
0. Suppose the HIGS H of the form (5) satisfies 0 < wy, <
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kn < ﬁ Then the closed-loop interconnection of G(z)
and H as shown in Fig. 1 is asymptotically stable.

Proof: According to Lemma 1, the minimal system (3)
is NI if and only if there exists a matrix P = PT > 0 such

that
ATPA-P<0, and C=BT(I-A)"TP.

We construct the following Lyapunov function for the closed-
loop interconnection:

W(,Tk,.:fk) = V(CL‘]C) + ‘7(51@) — Czpxy,

1 1 ~
Rewriting this as a quadratic form, we have that
~ 1 T ~ P —OT Tk
Wi @) = 3 [k 3] {—c A ] [%k |

Using the Schur complement theorem, to ensure that
W (xy,T) is positive definite, we need

1 crp~ict >o. (13)
kn
Since C = BT(I — A)~TP, then (13) can be rewritten as
1 ~1
— —-C(I-A)"B>0,
kn
which is satisfied because G(1) = C(I — A)~'B and
knG(1) < 1. (14)

Note that G(1) # 0 according to the positive definiteness
of P and the fact that C is not a zero row vector, which
is guaranteed by the minimality of the system. We use
Lyapunov’s direct method [46] in the following. Taking the
difference between W (441, Trt1) and W (zy, T1,), we have

W (g1, Trt1) — Wk, Ti)
= V(@pr1) + V(@rr1) — Cxp1Tags — Viaw) — V(@)

+ C.I‘kfk
< uk(Yr+1 — Yk) + ek(@pr1 — T) — Cxp1Tp41 + Coply,
Thy1(ent1 — ex) + en(Thp1 — Ti) — €ry1Th41 + €xTk
—0. (15)

which implies that the system is Lyapunov stable. Further-
more, W(xg41,Zg+1)—W (2, Zx) = 0 only if the inequality
in (15) is an equality. That is

(16)
a7

V(wg1) = V(zk) = ue(Yk+1 — yr);

V(§k+1) - V(fk) = ek(karl — gk)

We prove in the following that (16) and (17) cannot hold
together at all time indices k unless (zg,Zr) = (0,0). We
consider the case that (16) and (17) hold for some index &
and all future indices £ + 1, kK + 2, ---. When (17) holds,
we have that

1 ., 1

—gi = ek(§k+1 — fk)

@ 1
2kh17k+1 o (18)

We consider the following two cases, where the HIGS is
assumed to work in the integrator mode and the gain mode,
respectively.

Case 1. Integrator mode. In this case, (Tx,er) € F and

Tht1 = T + Wheg. (19)
Substituting (19) in (18) yields
(wn — 2kp)ex + 2T ey = 0. (20)

Case la. Suppose ey, # 0. Then we have 7, = (kj, — “—Q")ek,
which can be substituted in the inequality in (6) and yields

w 1 w
(kn + 7}1)6% > —(kn + —")%€3.

This, after simplification, becomes
w,% + 2kpwn < 0.

Considering the fact that k;, > 0 and w > 0, the above
condition can never be satisfied. Hence, Case Ia can never
happen.

Case 1b. Suppose e, = 0. Then (20) is always satisfied.
In this case, (Z,ex) € F implies that Z = 0. According
to (19), we have that 1 = 0 as well. The condition for
(Tht1,€k+1) € F can be simplified to be

(kn —wn)et1 = 0.

The fact that k;, — wy, > 0 guarantees that the next active
mode is the integrator mode. Note that this condition is
irrelevant to the HIGS input or state. Indeed, since Case Ila
can never happen, then the system will fall in Case 1b for
all future time indices k + 1, k + 2, - --. Following from a
similar analysis, we have that

O=exr =e€pp1 =€gpr2=""", (21

and also

0=2p = Tpq1 = Tpyo =" (22)

Since ux = Y = Tx11, then according to (22) and (3a), we
have that

Tpp1 = Axg,  Tppo = Az = Ay, (23)

Since e = yr = Cxzy, then according to (21) and (23), we

have that
C

CA
. T = O
CAnfl

This implies that z;, = 0 due to the observability of G(z).
In this case, (zx,Zr) = (0,0). The closed-loop system is
already in its equilibrium.

Case 2. Gain mode. In this case, (Tx,e) ¢ F, and we have
that

Trt1 = knex. 24

Substituting (24) in (18), we have that

(gk - khek)Q =0.
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That is

Ty = knex = Tpt1. (25)

The condition (Zy, e;) ¢ F implies that
(kn + wh)e% > 0.

This implies that e, # 0. We only need consider the case that
the HIGS operates in the gain mode for all future indices.
This is because that under the constraints (17), if it enters
the integrator mode, it will never exit the integrator mode,
according to the analysis in Case 1b. Then it falls into Case
1. In the case that the system keeps operating in the gain
mode, following from the same derivation of (25), we have
that

Tpy1 = knept1 = Thyo- (26)
Comparing (25), (26) and similar equations for future time
indices, we have that

T = kpeg = Tp1 = knekt1 = Tpyo = kpepya =+ .

That is

€k = Cp41 = €42 = .

This implies that

Yk = Ykt1 = Y42 = " -° 27

In this case, we have that

Tyl = Az + Buy = Axy, + By = Az + ng+1
= Axy, + Bkpey, = Axy, + k, BCxy,
= (A+ knBC)xy,.

Similarly, we have

Tpyo = (A + khBO)karl = (A + khBO)2.CCk,

Thtn—1 = (A + khBO)n_lilfk.
According to (27), we have that

Yk+1 — Yk
Yk+2 — Yk+1

Yk4+n = Yk+n—1
which implies

C
C(A + k,BC)

(Thg1 — xx) = 0. (28)

C(A + ky BO)»

We use eigenvector test to prove that observability of (A, C)
implies that of (A4 k;, BC, C). Suppose 1) # 0 is a vector in
the kernel of C; i.e., C'p = 0. Then it is not an eigenvector
of A; ie., An # An for all scalars A. Then 7 is not an
eigenvector of A+ kj, BC' as well because (A + k, BC)n =
An + ki, BCn = An # An for all A, considering Cn = 0.
Hence, (A + kp BC, C') is observable and (28) implies that

Tr4+1 = k. That is, x is an eigenvector of A+ kj, BC' with
an eigenvalue A = 1. This implies that

Tk = Th41 = T2 = *
In this case, we also have that

Tk = Th41 = Az, + Bu, = Axy, + ng = Az, + ngJrl
= Axy, + Bkpep.

This implies that
T = kh(I — A)ilBek.
Also, we have that

ex = Cxy = kpC(I — A)" ! Bey,. (29)

Since we have e; # 0 in Case 2, then (29) implies that
E,C(I—A)'B=1,

which is
knG(1) = 1.

This contradicts (14). To conclude, we have shown that if
(16) and (17) hold together for all future time indices, then
the HIGS cannot stay in the gain mode according to the
analysis in Case 2. It will eventually switch to the integrator
mode. Then, according to the analysis in Case I, the HIGS
will stay in the integrator mode. However, we have shown
in Case 1b that this is only possible if the system is already
at the equilibrium. In other words, if the system is not at the
equilibrium, then (16) and (17) cannot hold together for all
future indices, and W (xy, Tx) will eventually decrease again
until the system reaches its equilibrium. This means that the
system is asymptotically stable. [ ]

IV. CONCLUSION AND FUTURE WORK

We proposed a control framework for the digital control
of linear NI systems using HIGS controllers. Discrete-time
HIGS are shown to be SANI systems. For any linear discrete-
time NI systems obtained via ZOH sampling, there exists a
HIGS controller such that their closed-loop interconnection
is asymptotically stable.
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