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Abstract— This work proposes a novel distributed approach
for computing a Nash equilibrium in convex games with re-
stricted strongly monotone pseudo-gradients. By leveraging the
idea of the centralized operator extrapolation method presented
in [4] to solve variational inequalities, we develop the algorithm
converging to Nash equilibria in games, where players have no
access to the full information but are able to communicate with
neighbors over some communication graph. The convergence
rate is demonstrated to be geometric and improves the rates
obtained by the previously presented procedures seeking Nash
equilibria in the class of games under consideration.

I. INTRODUCTION

Game theory deals with a specific class of optimization
problems arising in multiagent systems, in which each agent,
also called player, aims to minimize its local cost function
coupled through decision variables (actions) of all agents
(players) in a system. The applications of game-theoretic
optimization can be found, for example, in electricity mar-
kets, communication networks, autonomous driving systems
and the smart grids [1], [7], [11], [12]. Solutions to such
optimization problems are Nash equilibria which characterize
stable joint actions in games. To find these solutions in
a so called convex game, one can use their equivalent
characterization as the solutions to the variational inequality
defined for the game’s pseudo-gradient over the joint ac-
tion set [10]. Moreover, it is known that, given a strongly
monotone and Lipschitz continuous mapping, the projection
algorithm converges geometrically fast to the unique solution
of the variational inequality and, thus, to the unique Nash
equilibrium of the game. The convergence rate, in terms of
the kth iterate’s distance to the solution, is in the order of
O
(
exp

{
− k

γ2

})
(see [8]), where γ = L/µ ≥ 1 with L and

µ being the Lipschitz continuity and strong monotonicity
constants of the mapping, respectively. This rate has been
improved in [8] to the rate of O

(
exp

{
− k

γ

})
by a more

sophisticated algorithm that requires, at each iteration, two
operator evaluations and two projections. To relax these
requirements, the paper [4] presents the so called operator ex-
trapolation method achieving the same rate O

(
exp

{
− k

γ

})
with one operator evaluation and one projection per iteration.
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Moreover, geometrically fast convergence of the operator
extrapolation method takes place under a weaker condition
of restricted strong monotonicity (see Notations). However,
these fast algorithms require full information in the sense
that each player observes actions of all other players at every
iteration.

Since in the modern large-scale systems each agent has ac-
cess only to some partial information about joint actions, fast
distributed communication-based optimization procedures in
games have gained a lot of attention over the recent years (see
[18] for an extensive review and bibliography). In particular,
the work [2] presents a proximal-point algorithm for converg-
ing to the Nash equilibrium with a geometric rate. However,
this algorithm requires the evaluation of a proximal operator,
at each iteration, and cannot be rewritten as iterations that
give the next state in terms of the current one. On the other
hand, the papers [15] and [3] propose the distributed proce-
dures based on the gradient algorithm and demonstrate their
geometric convergence rate in the order O

(
exp

{
− k

γ4

})
for strongly monotone games with player communications
over time-invariant and time-varying graphs, respectively.
The works [16], [17] focus on a reformulation of a Nash
equilibrium in distributed setting in terms of a so called
augmented variational inequality, which takes into account
the communication network that players are using. The main
goal of such reformulations has been to adjust the fast
centralized procedure from [8] to the distributed settings
and accelerate learning Nash equilibria under such settings.
However, the acceleration (to the rate O

(
exp

{
− k

γ3

})
) has

been guaranteed only for a restrictive subclass of games
with strongly monotone and Lipschitz continuous pseudo-
gradients. This restriction is due to the fact that the mapping
defining the augmented variational inequality is generally not
strongly monotone but it can be made restricted strongly
monotone. Moreover, the augmented variational inequality
requires introduction of an extra parameter which has to be
properly set up to guarantee convergence of the proposed
algorithms.

This article presents a novel fast distributed discrete-time
algorithm for seeking Nash equilibria in games with re-
stricted strongly monotone pseudo-gradients. To avoid issues
related to the augmented variational inequality arising in
the distributed settings and still to be able to accelerate the
previously known rates, this algorithm leverages the idea
of the operator extrapolation method from [4] instead of
the Nesterov’s acceleration approach presented in [8]. We
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develop a procedure converging to the Nash equilibrium with
the rate O

(
exp

{
− k

γ2

})
and requiring one projection and

gradient calculation per iteration.
Notations. The set {1, . . . , n} is denoted by [n]. For any

function f : K → R, K ⊆ Rn, ∇if(x) = ∂f(x)
∂xi

is the
partial derivative taken in respect to the ith coordinate of the
vector variable x ∈ Rn. For any real vector space Ẽ its dual
space is denoted by Ẽ∗ and the inner product is denoted by
⟨u, v⟩, u ∈ Ẽ∗, v ∈ Ẽ. A mapping g : Ẽ → Ẽ∗ is said
to be strongly monotone with the constant µ > 0 on the set
Q ⊆ Ẽ, if ⟨g(u)−g(v), u−v⟩ ≥ µ∥u−v∥2 for all u, v ∈ Q.
It is said to be restricted strongly monotone with respect to
u∗ ∈ Q, if ⟨g(u)−g(u∗), u−u∗⟩ ≥ µ∥u−u∗∥2 for all u ∈ Q.
A mapping g : Ẽ → Ẽ∗ is said to be Lipschitz continuous on
the set Q ⊆ Ẽ with the constant L, if ∥g(u)−g(v)∥ ≤ L∥u−
v∥ for all u, v ∈ Q. We consider real vector space E, which
is either space of real vectors E = E∗ = Rn or the space of
real matrices E = E∗ = Rn×n. In the case E = Rn we use
∥ · ∥ to denote the Euclidean norm induced by the standard
dot product in Rn. In the case E = Rn×n, the inner product
⟨u, v⟩ ≜

√
trace(uT v) is the Frobenius inner product on

Rn×n and ∥ · ∥ denotes the Frobenius norm induced by the
Frobenius inner product, i.e., ∥v∥ ≜

√
trace(vT v). We use

PΩ {v} to denote the projection of v ∈ E on a set Ω ⊆ E.
For any matrix A, the vector of diagonal entries of the matrix
A is denoted by diag(A).

II. DISTRIBUTED LEARNING IN CONVEX GAMES

We consider a non-cooperative game between n players.
Let Ji and Ωi ⊆ R denote1 respectively the cost function
and the feasible action set of the player i. We denote the
joint action set by Ω = Ω1 × · · · × Ωn. Each function
Ji(xi, x−i), i ∈ [n], depends on xi and x−i, where xi ∈ Ωi

is the action of the player i and x−i ∈ Ω−i = Ω1 × · · · ×
Ωi−1×Ωi+1×· · ·×Ωn denotes the joint action of all players
except for the player i. We assume that the players can
interact over an undirected communication graph G([n],A).
The set of nodes is the set [n] of players, and the set A
of undirected arcs is such that {i, j} ∈ A whenever there
is an undirected communication link between i to j and,
thus, some information (message) can be passed between
the players i and j. For each player i, the set Ni is the set
of neighbors in the graph G([n],A), i.e., Ni ≜ {j ∈ [n] :
{i, j} ∈ A}. We denote this game by Γ(n, {Ji}, {Ωi},G),
and we make the following assumptions regarding the game.

Assumption 1. [Convex Game] For all i ∈ [n], the set Ωi is
convex and closed, while the function Ji(xi, x−i) is convex
and continuously differentiable in xi for each fixed x−i.

When the cost functions Ji(·, x−i) are differentiable, we
can define the pseudo-gradient.

1All results below are applicable for games with different dimensions
{di} of the action sets {Ωi}. The one-dimensional case is considered for
the sake of notation simplicity.

Definition 1. The pseudo-gradient F (x) : Ω → Rn of the
game Γ(n, {Ji}, {Ωi},G) is defined as follows: F (x) ≜
[∇1J1(x1, x−1), . . . ,∇nJn(xn, x−n)]

T ∈ Rn, where ∇i

denotes the partial derivative with respect to xi (see No-
tations).

A solution to a game is a Nash equilibrium, defined below.

Definition 2. A vector x∗ = [x∗
1, x

∗
2, · · · , x∗

n]
T ∈ Ω is a

Nash equilibrium if for all i ∈ [n] and all xi ∈ Ωi

Ji(x
∗
i , x

∗
−i) ≤ Ji(xi, x

∗
−i).

By Assumption 1 and the connection between Nash
equilibria and solutions of variational inequalities [10],
the point x∗ ∈ Ω is a Nash equilibrium of the game
Γ(n, {Ji}, {Ωi},G) if and only if the following variational
inequality holds

⟨F (x∗), x− x∗⟩ ≥ 0 for all x ∈ Ω. (1)

We make further assumptions regarding the players cost
functions, as follows.

Assumption 2. The game Γ(n, {Ji}, {Ωi},G) has a Nash
equilibrium x∗, and the pseudo-gradient mapping F (x) is
defined on the whole space Rn and is restricted strongly
monotone with respect to x∗ on Rn with a constant µ > 0.

The existence of a Nash equilibrium is guaranteed if, for
example, Assumption 1 holds and the action sets Ωi, i ∈ [n],
are bounded [10].

Assumption 3. For every i ∈ [n] the function ∇iJi(xi, x−i)
is Lipschitz continuous in xi on Ωi for every fixed x−i ∈
Rn−1, that is, there exist a constant Li ≥ 0 such that for all
x−i ∈ Rn−1 we have for all xi, yi ∈ Ωi,

|∇iJi(xi, x−i)−∇iJi(yi, x−i)| ≤ Li|xi − yi|.

Moreover, for every i ∈ [n] the function ∇iJi(xi, x−i) is
Lipschitz continuous in x−i on Rn−1, for every fixed xi ∈ Ωi,
that is, there is a constant L−i ≥ 0 such that for all xi ∈ Ωi

we have for all x−i, y−i ∈ Rn−1,

|∇iJi(xi, x−i)−∇iJi(xi, y−i)| ≤ L−i∥x−i − y−i∥.

The players’ communications are restricted to the under-
lying connectivity graph G([n],A), with which we associate
a nonnegative symmetric mixing matrix W , i.e., a symmetric
matrix with nonnegative entries and with positive entries
wij only when {i, j} ∈ A. To ensure sufficient information
”mixing” in the network, we assume that the graph is
connected. These assumptions are formalized, as follows.

Assumption 4. The underlying undirected communication
graph G([n],A) is connected. The associated non-negative
symmetric mixing matrix W = [wij ] ∈ Rn×n defines the
weights on the undirected arcs such that wij > 0 if and only
if {i, j} ∈ A and

∑n
j=1 wij = 1 for all i ∈ [n].
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Remark 1. There are some simple strategies for generating
symmetric mixing matrices over undirected graphs for which
Assumption 4 holds (see Section 2.4 in [13] for a summary
of such strategies).

Assumption 4 implies that the second largest singular
value σ of W is such that σ ∈ (0, 1) and for any x ∈ Rn

the following average property holds (see [9]):

∥Wx− 1x̄∥ ≤ σ∥x− 1x̄∥, (2)

where x̄ = 1
n ⟨1, x⟩ is the average of the elements of x.

In this work, we are interested in distributed seeking of the
Nash equilibrium in a game Γ(n, {Ji}, {Ωi},G) for which
Assumptions 1–4 hold. We note that under Assumptions 1–2,
the game has a unique Nash equilibrium (see [16]).

III. ALGORITHM DEVELOPMENT

A. Direct Acceleration

Throughout the paper, we let player i hold a local copy
of the global decision variable2 x, which is denoted by

x(i) = [x̃(i)1; . . . ; x̃(i)i−1;xi; x̃(i)i+1; . . . ; x̃(i)n] ∈ Rn.

Here x̃(i)j can be viewed as a temporary estimate of xj by
player i. In this notation, we always have x̃(i)i = xi. Also,
we compactly denote the temporary estimates that player i
has for all decisions of the other players as

x̃−i = [x̃(i)1; . . . ; x̃(i)i−1; x̃(i)i+1; . . . ; x̃(i)n] ∈ Rn−1.

We introduce the following estimation matrix:

x ≜


xT
(1)

xT
(2)

...
xT
(n)

 ∈ Rn×n,

where xT denotes the transpose of a column-vector x. We
let Ωa to denote an augmented action set, consisting of the
vectors on the diagonals of the estimation matrices, i.e.,
Ωa = {x ∈ Rn×n |diag(x) ∈ Ω}. The pseudo-gradient
estimation of the game is defined as F(x) ∈ Rn×n:

F(x) ≜


∇1J1(x(1)) 0 · · · 0

0 ∇2J2(x(2)) · · · 0
...

...
. . .

...
0 0 · · · ∇nJn(x(n))

 .

(3)

The algorithm starts with an arbitrary initial x0 ∈ Ωa, that
is, each player i holds an arbitrary point x0

(i) ∈ Ri−1×Ωi×
Rn−i. All the subsequent estimation matrices x1,x2, . . . are
obtained through the updates described by Algorithm 1.

2Note that global decision variable x is a fictitious variable which never
exists in the designed decentralized computing system.

Remark 2. Algorithm 1 is inspired by the operator extrap-
olation approach presented in [4] for solving variational
inequalities in a centralized setting. The extrapolation here
corresponds to the expression ∇iJi(x̂

k
(i)) + λ[∇iJi(x

k
(i)) −

∇iJi(x̂
k−1
(i) )] in the update of the individual actions xk+1

i , i ∈
[n]. It is inspired by the connection between the Nesterov’s
acceleration and the gradients’ extrapolation (see [6]). We
call our proposed distributed algorithm Accelerated Direct
Method to emphasize that, in contrast to the work [16], the
communication step x̂k

(i) =
∑

j∈Ni

wijx
k
(j) is directly imple-

mented in the corresponding centralized procedure without
any augmented game mapping.

Algorithm 1: Accelerated Direct Method
Set mixing matrix W ;
Choose step size α > 0 and parameter λ > 0;
Pick arbitrary x0

(i) ∈ Ri−1 × Ωi × Rn−i, i = 1, . . . , n;
Set x̂0

(i) =
∑

j∈Ni

wijx
0
(j) and x1

(i) = x̂0
(i),

for k = 1, 2, . . ., all players i = 1, . . . , n do
x̂k
(i) =

∑
j∈Ni

wijx
k
(j),

xk+1
i = PΩi

{x̂k
i − α[∇iJi(x̂

k
(i))

+ λ[∇iJi(x
k
(i))−∇iJi(x̂

k−1
(i) )]]};

for ℓ = {1, . . . , i− 1, i+ 1, . . . , n}
x̃k+1
(i)ℓ = x̂k

(i)ℓ;
end for;

end for.

The compact expression of Algorithm 1 in terms of the
pseudo-gradient estimation F(·) (see (3)) and the estimation
matrices {xk} is as follows:

x̂k = Wxk,

xk+1 = PΩa

{
x̂k − α(F(x̂k) + λ(F(xk)− F(x̂k−1)))

}
. (4)

In the further analysis of Algorithm 1, we will use its
compact matrix form as given in (4).

B. Analysis

This subsection investigates convergence of Algorithm 1.
To be able to prove its convergence to a unique solution
and to state a linear rate, we first provide some important
technical properties regarding the game pseudo-gradient F
and the iteration of the procedure.

Lemma 1. Under Assumption 3, the pseudo-gradient estima-
tion F(·) is Lipschitz continuous over Ωa with the constant
L = maxi∈[n]

√
L2
i + L2

−i.

Proof: See Lemma 1 in [16].
Before formulating the next result, let us define the fol-

lowing decomposition for each matrix x ∈ Ωa:

x = x|| + x⊥, (5)
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where x|| =
1
n11

Tx is the so called consensus matrix and
x⊥ = x− x|| with the implied property ⟨x||,x⊥⟩ = 0. This
decomposition will be used in the proof of the following
results as it allows for an estimation of the running weighted
distance to the solution. In words, we aim to upper bound

a sum
∑k

t=1 ω1,t

∥∥∥xt+1
|| − x∗

∥∥∥2 + ω2,t∥xt+1
⊥ ∥2 by a sum∑k

t=1 ν1,t

∥∥∥xt+1
|| − x∗

∥∥∥2 + ν2,t∥xt+1
⊥ ∥2 for some weights

ω1,t, ω2,t, ν1,t, and ν2,t in such a way that the final con-

clusion on linear convergence
∥∥∥xk+1

|| − x∗
∥∥∥2 + ∥xk+1

⊥ ∥2 =∥∥xk+1 − x∗
∥∥2 ≤ ρk∥x1 − x∗∥, ρ ∈ (0, 1) is implied.

Proposition 1. Let Assumptions 1-4 hold. Let x∗ be the
consensus matrix with each row equal to the unique Nash
equilibrium x∗ in the game Γ. Moreover, let a scalar η ∈
(0, 1) and a positive sequence {θt} be such that θt−1η(1−
η) ≥ θtL

2α2λ2 for all t ≥ 1 and θt+1λ = θt for all t ≥ 0,
where λ > 0 is the stepsize from Algorithm 1. Then, we have

k∑
t=1

[θta1

∥∥∥xt+1
|| − x∗

∥∥∥2 + θta2∥xt+1
⊥ ∥2]

− θkL
2α2

2(1− η)
∥xk+1 − x∗∥2

≤
k∑

t=1

[θtb1

∥∥∥xt
|| − x∗

∥∥∥2 + θtb2∥xt
⊥∥2], (6)

where a1 = 1−η
2 + µ

2nα, a2 = 1−η
2 −

(
L+ 2nL2

µ

)
α, b1 =

1+η∥W−I∥2

2 , and b2 = (1−η)σ2+η(1+∥W−I∥2)
2 .

The proof of this technical result is based on the so called
three-points lemma presented in Lemma 3.1 of the book [5]
which is applied to the matrix form of the algorithm in (4)
and implies that

α
〈
F(x̂t) + λ(F(xt)− F(x̂t−1)),xt+1 − x∗〉
+

1

2
∥xt+1 − x̂t∥2 ≤ 1

2
∥x̂t − x∗∥2 − 1

2
∥xt+1 − x∗∥2

for all t ≥ 1 and x∗ being the Nash equilibrium from
Assumption 2. Next, the both sides of the inequality above
are multiplied by some time-dependent positive constant θt
and summed up over t = 1, . . . , k. After that the each side
of the resulting inequality are analyzed separately to set up
such parameters θt that the relation (6) holds. As it has
been mentioned above, we use the equation (5) to get the
decomposed result on the squared distance to the solution
x∗. Moreover, in the reasoning we leverage Assumption 1 to
apply (1) and, thus, ⟨F(x∗),x−x∗⟩ = ⟨F (x∗), x−x∗⟩ ≥ 0.
Assumption 2 is required to get the estimation ⟨F(xt+1

|| ) −
F(x∗),xt+1

|| − x∗⟩ = ⟨F (xt+1
|| ) − F (x∗), xt+1

|| − x∗⟩ ≥
µ∥xt+1

|| −x∗∥2 = µ
n∥x

t+1
|| −x∗∥2. We require Assumptions 3

and 4 to apply Lemma 1 and the relation ∥W (xt
|| + xt

⊥) −

x∗∥2 = ∥xt
|| − x∗∥2 + ∥Wxt

⊥∥2
(2)
≤ ∥xt

|| − x∗∥2 + σ2∥xt
⊥∥2

respectively. All further details can be found in the full
version of this paper [14].

Next we formulate our main result.

Theorem 1. Let the parameters in the Algorithm 1 be chosen
as follows:

α ≤ min{g1, g2, g3, g4}, λ =
1

1 + ϵ(α)
, (7)

where

g1 =
nµ(1− σ2)

4(µ+ 2nL)2(1 + ∥I −W∥2)
,

g2 =
n(1 + ∥I −W∥2)

2µ
,

g3 =
µn(1 + ∥I −W∥2)

µ2 + L2(1 + ∥I −W∥2)2n2
,

g4 =
µ√

4L2µ2 + 16(Lµ+ 2nL2)2
,

ϵ(α) =
2µα/n− (1 + ∥I −W∥2)(1−

√
1− 4L2α2)

2 + ∥I −W∥2(1−
√
1− 4L2α2)

.

Then ϵ(α) > 0 and

∥xk+1 − x∗∥2

≤ 8 + 4∥I −W∥2 − 4∥I −W∥2
√
1− 4L2α2

(1 + ϵ(α))k−1
∥x1 − x∗∥2.

Proof: Let θt = ct, where

c = min

{
a1
b1

,
a2
b2

}
, (8)

and a1, a2, b1, and b2 are defined in Proposition 1, namely,

a1 =
1− η

2
+

µ

2n
α, a2 =

1− η

2
−

(
L+

2nL2

µ

)
α,

b1 =
1 + η∥W − I∥2

2
,

b2 =
(1− η)σ2 + η(1 + ∥W − I∥2)

2
.

Moreover, let us choose λ = θt
θt+1

and η = 1−
√
1−4L2α2

2 .
Next, we demonstrate that under the condition (7), c > 1.
For this purpose we check that in this case both a1

b1
and a2

b2
are larger than 1. Indeed,

a1
b1

=
1− η + µα/n

1 + η∥W − I∥2
,

a2
b2

=
1− η − 2

(
L+ 2nL2

µ

)
α

(1− η)σ2 + η(1 + ∥W − I∥2)
.

First, we notice that under the condition α ≤ g1, a1

b1
≤ a2

b2
(see Appendix). Next, we have that

c =
a1
b1

> 1,
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if and only if

η <
µα

n(1 + ∥W − I∥2)
. (9)

Given the definition of η, we conclude that under the
condition α < min{g2, g3},

η =
1−

√
1− 4L2α2

2
<

µα

n(1 + ∥W − I∥2)
,

and, thus, (9) holds.
Since c > 1, it follows that

L2α2 = η(1− η) ≤ cη(1− η),

which implies θt−1η(1− η) ≥ θtL
2α2λ2. Hence, the condi-

tions of Proposition 1 hold and we conclude that

θk[a1∥xk+1
|| − x∗∥2 + a2∥xt+1

⊥ ∥2]− θkL
2α2

2(1− η)
∥xk+1 − x∗∥2

≤ θ1[b1∥x1
|| − x∗∥2 + b2∥x1

⊥∥2],

where we used definition of c in (8) implying θtb1 ≤ θt−1a1
and θtb2 ≤ θt−1a2. We also use the fact that x∗

⊥ = 0.
Thus, θk min{a1, a2}∥xk+1−x∗∥2− θkL

2α2

2(1−η) ∥x
k+1−x∗∥2 ≤

θ1 max{b1, b2}∥x1 − x∗∥2. As min{a1, a2} = a2 and
max{b1, b2} = b1, we conclude that

θk

[
a2 −

L2α2

2(1− η)

]
∥xk+1 − x∗∥2 ≤ θ1b1∥x1 − x∗∥2.

(10)

Next, we notice that a2 = 1−η
2 −

(
L+ 2nL2

µ

)
α is larger or

equal to 1/8, if the conditions α ≤ µ
4(Lµ+2nL2) and α ≤

√
3

4L
hold (see Appendix). On the other hand, given the condition
α ≤

√
7

8L , we have L2α2

2(1−η) ≤ 1
16 . Taking this inequality

together with a2 ≥ 1
8 into account, we obtain from (10)

that, given α ≤ min{g4, g5},

θk
16

∥xk+1 − x∗∥2 ≤ θ1b1∥x1 − x∗∥2. (11)

Finally, we use that θk = ck = (1 + ϵ(α))k, where ϵ(α) =
a1

b1
− 1 = 2µα/n−(1+∥I−W∥2)(1−

√
1−4L2α2)

2+∥I−W∥2(1−
√
1−4L2α2)

to conclude the
result from (11).

Corollary 1. Taking into account the conditions of the
theorem above, one can choose the step size α = O

(
µ

L2n

)
to obtain the convergence rate O

(
exp

{
− k

γ2n2

})
which

is faster than the rates of previously proposed methods
for distributed learning of Nash equilibria in restricted
strongly monotone games [2], [15], [16]. Indeed, the GRANE
algorithm from [16] is proven to converge to the Nash
equilibrium with the rate O

(
exp

{
− k

γ6n6

})
, whereas the

direct distributed procedure in [2], [15] improves this rate
to O

(
exp

{
− k

γ4n3

})
.
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Fig. 1. Comparison of the presented accelerated direct method (ADM)
with GRANE and DDP

IV. SIMULATIONS

Let us consider a class of games with strongly monotone
game mappings. Specifically, we have players {1, 2, . . . , 20}
and each player i’s objective is to minimize the cost function
Ji(xi, x−i) = fi(xi)+ li(x−i)xi, where fi(xi) = 0.5aix

2
i +

bixi and li(x−i) =
∑

j ̸=i cijxj . The local cost function
is dependent on actions of all players, but the underlying
communication graph is a randomly generated tree graph.
We randomly select ai > 0, bi, and cij for all possible i and
j to guarantee strong monotonicity of the pseudo-gradient.

We simulate the proposed gradient play algorithm and
compare its implementation with the implementations of the
algorithm GRANE presented in [16] and direct distributed
procedure (DDP) from [2], [15]. Figure 1 demonstrates the
simulation results which support theoretic ones stated in
Corollary 1.

V. CONCLUSION

This work extends centralized operator extrapolation
method presented in [4] to distributed settings in restricted
strongly monotone games where players can exchange their
information only with local neighbors via some communica-
tion graph. The proposed procedure is proven to possess a
geometric rate and to outperform the previously developed
algorithms calculating Nash equilibria in games under the
same assumptions. Future research directions include con-
sideration of a more general communication topology and
study of lower bounds for convergence rates of distributed
methods in such class of games.
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APPENDIX

1. More details on the inequality a1

b1
≤ a2

b2
under the condi-

tion α < g1. The condition α < g1 = nµ(1−σ2)
4(µ+2nL)2(1+∥I−W∥2)

implies α
(
1 + 2nL

µ

)2

≤ n(1−σ2)
4µ(1+∥I−W∥2) . Thus, since η =

1−
√
1−4L2α2

2 < 1
2 , we conclude that (1 − η)2 > 1

4 , and,
hence

α

(
1 +

2nL

µ

)2

(1 + ∥I −W∥2) ≤ n

µ
(1− σ2)(1− η)2.

Next, we use η < 1 and σ < 1 to obtain(
1 +

2nL

µ

)2

(1 + ∥I −W∥2)

≥
(
1− 2nL

µ

)2

(1 + η∥I −W∥2)− (1− η)(1− σ2).

Combining two last inequalities, we get

α[

(
1 +

2nL

µ

)2

(1 + η∥I −W∥2)− (1− η)(1− σ2)]

≤ n

µ
(1− σ2)(1− η)2.

By multiplying both sides by µ
n , we obtain

α

[(
µ

n
+ 2L+

4nL2

µ

)
(1 + η∥I −W∥2)

−(1− η)(1− σ2)
µ

n

]
≤ (1− σ2)(1− η)2

⇕

(1− η)(1 + η∥I −W∥2) + α
µ

n
(1 + η∥I −W∥2)

− (1− η)2(1− σ2)− µ

n
α(1− η)(1− σ2)

≤ (1− η)(1 + η∥I −W∥2)

− (1 + η∥I −W∥2)2
(
L+

2nL2

µ

)
α

⇕

(1 + η∥I −W∥2)
(
1− η + α

µ

n

)
− (1− η)2(1− σ2)

(
1− η + α

µ

n

)
≤ (1 + η∥I −W∥2)

(
1− η − 2

(
L+

2nL2

µ

)
α

)
⇕

(1 + η∥I −W∥2 − (1− η)2(1− σ2))
(
1− η + α

µ

n

)
≤ (1 + η∥I −W∥2)

(
1− η − 2

(
L+

2nL2

µ

)
α

)
⇕

1− η − 2
(
L+ 2nL2

µ

)
α

(1− η)σ2 + η(1 + ∥W − I∥2)
≤ 1− η + µα/n

1 + η∥W − I∥2
.

2. More details on the inequality a2 = 1−η
2 −(

L+ 2nL2

µ

)
α ≥ 1/8 under the conditions α ≤ µ

4(Lµ+2nL2)

and α ≤
√
3

4L .
As η = 1−

√
1−4L2α2

2 , 1−η
2 −

(
L+ 2nL2

µ

)
α ≥ 1/8 if and

only if

2 + 2
√
1− 4L2α2 − 8

(
L+

2nL2

µ

)
α ≥ 1

⇕

2− 8

(
L+

2nL2

µ

)
α ≥ 1− 2

√
1− 4L2α2,

which holds, if 2 − 8
(
L+ 2nL2

µ

)
α ≥ 0 and 1 −

2
√
1− 4L2α2 ≤ 0. The first inequality is guaranteed by

α ≤ µ
4(Lµ+2nL2) , whereas the second one is implied by

α ≤
√
3

4L .
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