2024 European Control Conference (ECC)
June 25-28, 2024. Stockholm, Sweden

Finite-dimensional boundary control for stochastic semilinear 2D
parabolic PDEs
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Abstract—In this paper, we consider state-feedback global
stabilization of stochastic semilinear 2D parabolic PDEs with
nonlinear multiplicative noise, where the nonlinearities satisfy
globally Lipschitz condition. We consider the Dirichlet actuation
and design the controller with the shape functions in the form of
eigenfunctions corresponding to the first comparatively unstable
N eigenvalues. We extend the trigonometric change of variables
to the 2D case and further improve it, leading to homogeneous
boundary conditions. Employing N-dimensional dynamic ex-
tension with the corresponding proportional-integral controller
and using modal decomposition, we derive stochastic nonlinear
ODE:s for the modes of the state with the first N-dimensional
part being controllable. By using a direct Lyapunov method
and Ito’s formula for stochastic ODEs and PDEs, we provide
mean-square L> exponential stability analysis of the full-order
closed-loop system. We provide linear matrix inequality (LMI)
conditions for finding N and the controller gain. We prove that
the LMIs are always feasible provided the Lipschitz constants
are small enough and N is large enough. Numerical examples
demonstrate the efficiency of our method and show that the
employment of the suggested dynamic extension allows for
larger Lipschitz constants than the previously used dynamic
extensions.

I. INTRODUCTION

Finite-dimensional controllers for PDEs are attractive in
applications. Such controllers were designed by the modal
decomposition approach and have been extensively studied
since the 1980s [1], [2]. In recent years, estimation and
control problems for stochastic PDEs become popular due to
their wide applications in many areas of science, engineering,
and finance. In [3], [4], finite-dimensional control of linear
stochastic PDEs was studied, where constructive conditions
for finding the controller dimension were not provided. Re-
cently, inspired by [5] for deterministic 1D parabolic PDEs,
in [6] we suggested the first constructive finite-dimensional
control for stochastic 1D parabolic PDEs. Considering that
semilinear parabolic PDEs arise in many physical models
[7] and motivated by recent results [8], [9] for deterministic
1D PDEsg, in [10], we studied the finite-dimensional output
feedback control of stochastic semilinear 1D parabolic PDEs.
However, the constructive results in [5], [6], [8], [9], [10] are
confined to 1D parabolic PDEs.

In recent years, control of high-dimensional PDEs has
become an active research area. Such systems have promising
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applications in engineering, water heating [11], material
preparation processes [3], as well as in multi-agents deploy-
ment [12]. The finite-dimensional boundary state-feedback
stabilization of high-dimensional parabolic PDEs was studied
in [13], [14] for the linear case and in [15], [16] for
the nonlinear case. The finite-dimensional observer-based
boundary control for 2D and 3D linear parabolic PDEs was
first studied in [17]. Note that in [15], [16], only local
stabilization was considered, and constructive conditions for
finding the controller dimension were not provided. In our
recent paper [18], we design finite-dimensional observer-
based control for 2D linear deterministic heat equation under
Neumann actuation and provided effective LMI conditions
for finding controller and observer dimensions, where as
in 1D case (see [19]) dynamic extension is not needed.
Boundary control for high-dimensional semilinear parabolic
deterministic and stochastic PDEs remains a challenging
open problem. The main challenges lie in the following (i)
The multiple eigenvalues and slow convergence of the eigen-
values to infinity (compared to 1D case, see [20, Proposition
3.6.9]) complicate the analysis; (ii) In the stochastic case,
stability analysis and efficient controller design are more
challenging.

In this paper, we consider state-feedback global stabiliza-
tion of stochastic semilinear 2D parabolic PDEs with nonlin-
ear multiplicative noise, where the nonlinearities satisfy glob-
ally Lipschitz condition. We consider the Dirichlet actuation.
Following [13], [16], [21], we design the controller with the
shape functions in the form of eigenfunctions corresponding
to the first comparatively unstable N eigenvalues (N is the
controller dimension). We extend the trigonometric change
of variables studied in [9], [22] for 1D parabolic PDEs to
the 2D case and further improve it, leading to homogeneous
boundary conditions. By employing N-dimensional dynamic
extension with the corresponding proportional-integral con-
troller and applying modal decomposition, we derive stochas-
tic nonlinear ODEs for the modes of the state, where the
first N-dimensional part is controllable. We compensated the
deterministic nonlinear term by Parseval’s inequality and the
stochastic nonlinear term by S-procedure. By suggesting a
direct Lyapunov method and employing It6’s formula for
stochastic ODEs and PDEs, respectively, we provide mean-
square L’ exponential stability analysis of the full-order
closed-loop system. We derive LMIs for obtaining N and
the controller gain and prove that the LMIs are always
feasible provided the Lipschitz constants are small enough
and N is large enough. Numerical examples demonstrate the
efficiency of our method and show that the employment of



the suggested dynamic extension allows for larger Lipschitz
constants than the previously used ones.

Notations: Let (Q,.%#,IP) be a complete probability space
with a filtration {.% },>0 of increasing sub c-fields of .#
and let E{-} be the expectation operator. Denote by # ()
the 1D standard Brownian motion defined on (Q,.#,P). The
Euclidean norm is denoted by |- |. For P € R"*", P >0 means
that P is symmetric and positive definite. The symmetric
elements of a symmetric matrix will be denoted by *. For
0 <P cR™" and x € R", we write |x|3 = xTPx. Denote N by
the set of positive integers. For any bounded domain & C R”
(n=1,2), denote by L*(0p) the space of square integrable
functions with inner product (f,8)g, = [g, f(x)g(x)dx and
induced norm Hf||L2 = (f,f)e,- H'(0p) is the Sobolev
space of functions f 6’0 — R with a square integrable

weak derivative. The norm defined in H' (&) is ||f||?11([/0) =

(FalF; 209 T IVf H where Vf represents the gradient of
f and \|Vf||L f0,0|Vf( x)|?dx. Let 2= be the normal
derivative.

II. MAIN RESULTS
A. System under consideration

Let & C R? be a bounded open connected set. We assume
that either the boundary d & = I'; UT is of class C:or 0
is a rectangular domain. Consider the following stochastic
semilinear 2D heat equation under Dirichlet actuation:

dz(x,1) = [Az(x,1) +qz(x, 1) + [ (2(x,1))]de
+ (e (). o
2(x,1) =0, xeI'y, z(x,t)=u(xt),x ey,

z(x,0) = zo(x),

where x € 0, A is the usual Laplacian, ¢ € R is the reac-
tion coefficient, u(x,t) is the control input to be designed,
g(z(x,t))d# (¢) is a nonlinear multiplicative noise that ap-
pears due to the random parameter variation of f(z(x,?))dr.
Throughout the paper, we assume that functions f,g: R — R
satisfy

70) =0, [f(@) = F)] < 071 —22) o
8(0) =0, [g(z1) —g(z2) < Gg(z1 —22), Va1, 22 €R,
for some 67,6, > 0.
Let
o =—A0, D(/) ={0lo €HNO)NHy}, 5
Hy ={¢ € H'(0)|¢ (x) =0 for x €9 O}.

It follows from [20, Proposition 3.2.12] that the eigenvalues

{Mn}5_, of o7 are real and we can repeat each eigenvalue
according to its finite multiplicity to get

AM <A< <A <., limyed, = oo 4)
We denote the corresponding eigenfunctions as {¢, }_,. For

An, we have the following estimate:
Lemma 1: ([23, Sec. 11 6]) For eigenvalues (4), the fol-
lowing holds: limy . 3} = \0| where |0] is the area of 0.
Letd >0 be a desrred decay rate and N € N such that

—7»n+q+5+\/§<5f+(5g2<07 n>N, )]
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where N denotes the number of unstable modes. Our con-
troller will be designed by using N modes. For given A €
{M N, let my be the geometric multiplicity of A and
¢7€1),...,¢}E'nx) be the eigenfunctions corresponding to A.
We impose the following assumption that is crucial for the
controllability of the finite-dimensional part of the closed-
loop system (see above (22)):

a9.)

Assumption 1: Given A € {A,}
early independent in L*(T,).

Remark 1: Note that Assumption 1 always holds for 1D
case (due to simple eigenvalues) and for rectangular domain

let {2} be lin-

n=1>

0 = (0,a1) x (0,a2), aj,ar > 0. Consider the boundary:
00 =TUIy, I'n={(x1,0), x; € (0,a1)}. (6)
Here the eigenvalues of .7 are given by
Mg =22 + 5], mkeN, )
whereas the corresponding eigenfunctions have the form
Ok (x) = \/azl—asm(mm' )sin(2), x=(x1,%). (8

For any pair of multiple eigenvalues A, x, = 7\'1112 k> the
relation m 7é my always implies k; # k, (and vice versa).
Therefore, ¢’a'" M and q),,,z “2 are always linearly independent
in L?(I"). Note that Assumptron lis much weaker than the
assumption (linear independence of {a¢,, X € L))

in [16], which does not hold true for rectangular domain
when N > 3. The assumption in [16] was removed in [15],
[17] by slightly perturbing the linear operator <7, whereas
constructive conditions for finding the controller dimension
were not provided in [15], [17].

Remark 2: In [18], the observer-based design for 2D
linear heat equation was explored under Neumann actuation,
which is not applicable for Dirichlet actuation (similar to
the 1D case explained in [10, Remark 2]). In this paper, we
manage with the Dirichlet actuation via dynamic extension
and the results can be directly extended to the Neumann
actuation. In this scenario, we do not need Assumption

1 since for general domain ¢ and given A € {A,}V
m,

n=1°
eigenvectors {(])x _ are always linearly independent in
L*(I3) (see [13, Lemma 7. 1]).

For given positive constants {1;}Y | satisfying

Wi# A, i€{l,....N},neZ, p=00%), (9
consider a sequence of functions y; € Lz(ﬁ), i=1,...,N,
that satisfy

AY;(x) = —pyi(x), x€ 0,
_ b, 20i2) (10)
\l”i(x)_oaxerl, ‘Vt() 1 on ,Xerz,

where b; € R are chosen such that ||y;||;2(,) = p. Here p >0
is a tuning parameter. Such functions always exist [13]. Since
W; # Ay, by applying Green’s first identity, we find that

(Wi, 0 = i (30 Ay (11)

Jn’ dn
Remark 3: Functions ; in (10) are the extension of the
ID functions considered in [9], [22] where p is fixed to

7})’.
7\,” —Mi




%. In our example in Sec. III, we show that an appropriate

choice of p € (0, %) can lead to larger upper bounds on
the Lipschitz constants. Moreover, the tuning parameter p
allows also us to improve results in the 1D case (see Sec.
1II).

Assumption 2: Let y; be linearly independent or, equiva-
lently (see Theorem 7.2.10 of [24]), let ¥V = ((y;,y,) o) =
be invertible.

Remark 4: Assumption 2 is crucial for our controller
design (see A;l in (41) with Ay = diag{¥",Iy}) and al-
ways holds in rectangular domains introduced in Remark 1.
Indeed, let us take

Wm.,k(-x) = \/Z]P_a sm(’"gle )cos(%),
Wk = (M) + (M) b, — _Pa (12)
mik a a s Umk T

where m,k € N. We reorder the eigenvalues (7) to form
a non-decreasing sequence {A,},_, satisfying (4) and de-
note the corresponding eigenfunctions as {¢,}>_,. Follow-
ing the corresponding relationship between (7) and (4),
we reorder {‘l’m,k}:,kzo’ {“m,k};:,kzo’ and {bm,k};kzo as
{wite,, {2, and {b;}3,. We see that {u;}Y  satisfy
), Vil 20y =P, i €N, and {y;}72, are linearly indepen-
dent and satisfy (10).

Following [13], [16], [21], we design the control input with
the shape functions in the form of eigenfunctions {¢,~}§V: E

u(x,t) = YN | b; 2% (13)

! 9dn
where u;(t), i=1,...,N are to be designed later. Consider

the change of variables:

N
i=1

u,'(t>, X € Fz,

wlxr) =2(x0) ~yT(u(o) i
v (x) = col{yi(x) i}, u(r) = col{u;(t) .
Substituting (14) into (1) we obtain
dw(x,1) = [Aw(x,1) +qw(x,t) + ¥ T (x)Zou(r)
) +yT u)d -y @)

+g(w(x,1) +y T (x)u(r))d# (1), x € O,
w(x,1) =0, x€d O, w(x,0)=z(x,0),

where E¢ = diag{—l; +g¢,...,—Uy+q}. We treat u(¢) as an
additional state variable, subject to the dynamics:

du(r) = [Eou(r) + v(r)]dz, u(0)=0, (16)
where v(t) € RV is the new control input. From (15) and
(16), we have the following equivalent system:

dw(x,t) = [Aw(x,t) +gqw(x,t) —wT(x)v ()
+ f(wlet) +y T (x)u(r))]dr

Fe(w(wt) v u)ar (@), xeo, 1P
W(xat)|x€a//’ = Ov W(X, 0) = Z(X,O).
Present the solution to (17) as
w(x,t) = Yot wa(t)0n(x),  wa(t) = (w(1),0n)0. (18)

By differentiating w,(¢) defined in (18) and using (17) and
Green’s first identity, we have

dwi (1) = [(=M +q)wa (1) —byv(t) + fu(1)]ds
+gn(t)d# (¢), t >0, (19)
wn(0) = (w(-,0),0n) 0,
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where

i[<‘|}17¢">/}a : a<\VNv¢n>/)’]T
=l e e R el )
Jut) = (FW() + T (u(t)), 0n) o,

gn(1) = (gw(-,0) + ¥ ()u(0)), ) -

Define the notations:

Ao =diag{—A, +q}_,, A=diag{Z0,A0},
Bo = [by,....by]", B= [ A,
X (1) = col{u(t),wi (t),...,wn (1)}, @D
FN()—COI{Oleyfl() 7fN( )}
G (1) = col{Onx1,81(t), -, gn(1)}-

By Lemmas 7.1 and 7.2 in [13], the pair (Ag,Byp) is sta-
bilizable, which implies that the pair (A,B) is stabilizable.
Let K € R¥*2N be the controller gain (it will be found from
LMIs (41), (42), and (43) below). We propose a controller
of the form

V(1) = —KX(1) (22)

leading to the following closed-loop system for ¢ > 0:
dX (1) = [(A—=BK)X(t) + FN(0)]dt + G (t)d# (1), (23a)
dw, (1) = [(=An +@)wa(t) +DIKX (1) + £,(1)]d

+gn(1)d# (t), n>N. (23b)

B. Well-posedness

For the well-posedness, we consider the state & ()

col{u(t),w(,1)} to obtain the following stochastic evolution
equation
d& (1) = [& (1) + /i (i(f))+f2(§(t))]df+§(§(f))dW((f2)21)
where o7 = diag{&, -}, K = [K1,K2],
REO=[ gt ¥ eratn ke |
FEO)=| sui+tomy ],g W)= ot ¥t u)

Let 7 =R x L*(0) be a Hilbert space with norm ||- |2, =
[Pt 22 ) Take 7 = RY x H!(€) with norm | -5, =
|- P+ HHI o) and 7/ = RN+1 XHa_(;(O, 1). We see that ./
satisfies conditions B.1-B.3 on page 198 in [25] and f;(&)
is a linear function of &. From (2), it can be verified for any

€1, € A,

||f2(i)||2f+||g(§)|| 2(p
/21 ) (&)1 p+||g(§ )—
<2(p? —|—1)max{cf,cg}||§1

Then by [25, Theorem 6.7.4], for any initial value &y €
L*(Q; ) and &) € 2(</) almost surely, the closed loop
system (24) has a unique strong solution satisfying

§ € L2(Q;C([0,T);52))NL*([0,T] x Q; %)

e l)max{c.%,
8(&2)1%
&3

g HIE %

for any T > 0, and & (1) € 2(.<7) almost surely.



C. Mean-square L* exponential stability

For mean-square L> exponential stability of the closed-
loop system (23), we consider the Lyapunov function:

V(t) =Vp(t) + Vaair (1),
Ve(t) =X (0)[3, Viair(1) = Ty wa(t),

where 0 < P € R?V*2N_ By Parseval’s equality, we present
Vil (1) in (25) as

le( )= —Vl (t) +Va(w(1)),

Vi(r) =X"(t )AlX(zl), Ay = diag{Oyxn,In},

Va(w(t) = w22

For functions Vp, Vi, calculating the generator .£ along

stochastic ODE (23a) (see [26, P. 149]), we have
LVp(t)+28Vp(t) = X" (¢)[P(A—BK) + (A —BK)TP
+28 PIX (1) +2XT(t)PFN (1) + |GV (1) [3,

(25)

(26)

27)

and

LVi(t)+28Vi(t) =2XT (1) A FN (1) +
+XT()[A1(A—BK) + (A EK)TA1+28A1]X(t)
= Y1 2(=hn +q+8)wy(t) + XLy 2wa ()b KX (1)
+)Zn 12wn(t)fn(t)+|GN( )P

(GY())TAIGY (1)

(28)

From the well-posedness analysis (see Sec. II-B), we see

that w(¢) is a strong solution to the following stochastic
evolution equation:

dw(t) = [=/w(t) +qw(t) =y ()v(r)

+fw(t) + T (u(r))]dr +g(w(7) +\VT(')U(t))dW(t)(-29)
For V,(w), calculating the generator . along (29) (see [25,
P. 228]) we obtain

LVa(w <>> <% w(t) +qw(r) -
+ (220D £ () +y () o
)

9
+y(he0

viv(n)o

Dg(w ()+w (1)) g(w( ),
@)
< 2(w(t), —/w(t) +qw(t) —y V(’)>fi
+2(w(0), f(w(t) +yTu(0)) o + o [w(e) + v u(0)lI 7 )
ST 2(=M+qwi(n) + X 1 20t 1)b, KX t)

+ X1 2wa (1) fu(t )+252|X( )|A2 +26§Z:=N+l W%(t)(’30)
where A, = diag{¥", Iy} with PV defined in Assumption 2.
From (26), (28), and (30), it follows

L Vi (1) +28 Vil (1) = 261X (1 )|A2 IGN(n)]?

+ Xy 2(=M+ g +8 +67)wi(1)
+ X1 2wa (1) fu(2) +Zn—N+l 2Wn(’)bZKX(’)-

By the Young inequality, we have for o, 0 > 0,
Lon12walt b, KX (1)
<o Ly ya i) + ”‘"”~|Kx<r>|2
IwliZ =X, Iwill}, ||\|h||N— vt (Wi ) o
and

YN+ 2wn (1) fu(t)

<o 27:N+1 W%(t) -

3D

(32)

LIPNOR+ L 2. O

From Parseval’s equality, we obtain
o Lnet fa (1) = g LFw . 0) +wT u)lIE

@ T 2
< of I 0¥ U0
< _ch|X( )|A2 + % °F YN Wialt)-

Combination of (33) and (34) implies

Zn=N+I 2Wn(t)fn (t) S (a2 + a_zf) Zn:N+l Wrzl(t)
L N2 o 207 2
— PN )2+ 2L x (1) 3,
Besides, from Parseval’s equality and (2) we have
|GN(2t)|2: lgn( )<L 183 (1)
< oglw(-,1) + () (11172
<207 |X (1 )|A2+2G YNt walt):

Let M (¢) = col{X(¢),FN(¢)}. Combining (27), (31), (32),
(35), and using (36) and S-procedure, we obtain for B > 0,

LV (1) +28V (1)

+B[202|X( )|A +2022n N+lwn( )
<[GN( )]Tq’ GV (1) +n (1)@ (1)

+ Xyt 2Xawn () <0

(34)

(35)

(36)

GYOP] )

provided Y, := 7L+q+5+a'+a2+ +(B+1)G§<0,
n> N, and

-B+DI<O,

2
q) Gf Ay ||‘V||N KTK P
1
o

(A—BK)TP+23P+20;(B +1)As

(38a)

<0,  (38b)
*

¢ =P(A-BK)+

From the monotonicity of A,, n € N, we have Y,, <0, n >N
iff ,

A1+ + 952 + 2L (B+1)s2 <0 (39)

To obtain equivalent LMIs for the design of the gain K,

we denote
Q=P Y =P 'KT=0K", B=rlr€(0,1). (0

Multiplying ®, from the left and right by diag{P~',1}, and
applying Schur complement, we find that (38b) holds iff

® o0 Y 6,0
« —2A! 0 0
-2 <0
* * —ou [yl 0 o@D
* * * BA‘
O =AQ+ QAT —BYT —YET+28Q+oc21.
Multiplying ®; from the left and right by (1 +[.’))_%P_%,
we find that (38a) holds iff
BI—0<0. (42)
Moreover, by Schur complement, (39) is equivalent to
M1 +g+8+%F+3 o, of
* —B 0 <0 (43
* * —0l



In paArticular, (41), (42) and (43) are LMIs in Q, Y, o, o
and B. If (41), (42), and (43) are feasible, the controller gain
is obtained by K = YTQ~!. Summarizing, we have

Theorem 1: Consider system (15) with a globally Lips-
chitz f, g satisfying (2) for some 67,6, > 0 and the control
law (22). Assume that zo € Z(</) almost surely and zg €
L>(Q;L%(0,1)). Let & > 0 be a desired decay rate and N € N
satisfy (5). Let there exist scalars ay,d, > 0, matrices
Y € RV*N 0 < Q € R®V*2N guch that LMIs (41), (42),
and (43) are feasible. Then the proportional-integral control
law (16), (22) with K =YTQ~! exponentially stabilizes (15)
in the mean square with a decay rate 9§, i.e. the following
inequality holds

EL2(1) + (1) 2] < Me P Blleo() 22 (44

for t > 0 and some M > 0. The LMIs (41), (42), and (43)
are always feasible provided 6,6, > 0 are small enough.
Proof: First, employ Itd’s formula for eX/Vp(¢) and
ety (t) along stochastic ODE (23a) (see [26, Theorem
4.18]) and infinite-dimensional Itd’s formula for €3/ V; (w(r))
along (29) (see [25, Theorem 7.2.1]), respectively. Then by
taking expectation on both sides and using (25), (26) (see
arguments similar to (2.66)-(2.68) in [6]), we can obtain (44).
We claim next that (41), (42), and (43) (i.e., (38) and (39))
are feasible for small enough 67,6, > 0 and large enough
N. Choose 0y = Ay41, 0> = Oy, and p = 1. From |y]|3,
defined below (33) and the fact that |y;|[?, =p =1, we

3
obtain |3 <N. By Lemma 1, we have Ly} < 2~ —

AN+
%, N — oo, Therefore, there exists N-independent ¥y > 0
such that L |ly/||% < xo for all N. Fix Ny such that

—M+g+3 <0, —u,+g<0, n>N.
Design K € RV*?V and P € R?V*2V be of the form
Py 0 ‘ P 0
R R e |
* * *  pwl
where pu.,pw > 0, K, K, € RNVo*N and 0 < By =
Pil gi j] € R*M>2M are to be determined later. Let
In,
Bo=| [ TR Vg 90 Ko = [KuKol.
. w1050 (g0
Ao = diag{—p,..., —HUngs — Al .- —7\.1\/0} +qbhy,.

1

By using Schur complement and choosing py, pw = 5.

find that (38b) holds for N — o if

we

Py(Ao — BoKo) + (Ao — BoKo) TPy + 28 Py + x0KT Ko < 0.
(45)
Since the pair (Ag,By) is stabilizable, the pair (Ag,By) is
also stabilizable. We can choose Ky = [K,,K,,] € RM*2M
such that Ag — BoKy + 81 is Hurwitz. Let Py € R*0*2No pe

such that

Py(Ag— BoKo + 1)+ (Ag — BoKo+81)TPy = —x1, (46)
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where x > 0 is independent of N and satisfies —y/ +
XoKJ Ko < 0. Then Py = O(1), N — c. Substituting (46) into
(45), we find that (45) is feasible. Since we take p,,p, =
1 <1, we obtain P=0(1), N — co. Take p = N. It is obvious
that (38a) and (39) hold true for N — oo. By continuity, (38)
and (39) are feasible for small enough 67,06, = # and large
enough N — oo, [ |

Remark 5: For fixed o,, we find that comparatively
smaller p leads to larger 6. However, we cannot let p — 0,
otherwise we have open-loop control with u(x,7) — 0. To
optimize the value of p we can choose a grid of p and solve
LMIs (41)-(43) to find maximum oy,

D. Discussion on 1D case

For 1D case, we consider system (1) in & = (0,a), a >
0 with the boundary 00 =T' UI, Iy = {0}, I, = {a}.
Consider the operator (3). The eigenvalues and corresponding
eigenfunctions of .7 are as follows:

Mo =B 9u(x) = %m(

The eigenfunctions form a complete orthonormal system in
LZ(O,a). Following [9], [22] for 1D deterministic case, we
take

x), n>1. A7)

(i~} °n?

_1)i+1 . .

i) = S i), = CHT, ieN, (48)
where p > 0 is the tuning parameter. It can be easily verified
that {y;}7, satisfy

Vi (%) + i () =0, [will 200y =P,

vi(0) = yi(a) =0, i(a) =Vv2p.
In particular, {y;}*, is an orthogonal family. We have
Wi, bn) o = ‘/;Lpf” . Consider the control input u(z) =

YN, ui(t). Since the eigenvalues A, are simple, the pair
(A,B) (see (21)) is controllable (see Lemma 2.1 in [22]).
Following the arguments similar to (14)-(43), we find that
if LMIs (41), (42), and (43) (where A,, ¢, are replaced
by (47) and y;, W; are replaced by (48)) are feasible, the
considered systems in domain & = (0,a), a > 0 is mean-
square L? exponentially stable with decay rate & > 0.

Remark 6: The 1D case in this section corresponds to [9],
[22] for the deterministic case with p = In our example,
we show that an appropriate choice off p leads to larger
Lipschitz constants.

ITI. NUMERICAL EXAMPLES

In this section, we first consider system (17) in the square
domain & = (0,a;) x (0,a2) with a; =a, =1 and the
boundary (6). The nonlinear functions f and g satisfy (2).
We fix either 6, = 0.1 or 6, =0.2. We take ¢ =49.4, which
results in an unstable open-loop system for f(z) =0 with
3 unstable modes. Choose & = 1073 and p = 0.01,0.1
respectively. The LMIs (41), (42), and (43) were verlhf d
for N € {3,...,10} to obtain 6™ (the maximal value of
G) which preserves the feasibility. The results are given in
Table I. From Table I, we see that p =0.01 and p = 0.1 lead
to larger 6§*** than p =1 /V/2 (here p = 1/+/2 corresponds



to

[9]). Note that for the multiple Ay, G;“a" is affected by
|lw|3 which is increasing for larger N.
TABLE I
2D CASE: 6/ FORN € {3,...,10}.

o i oI (0, = 0.0) o™ (G, = 0.0)
N2 p=—T p=10T p=10"7p=J5 p=10" p=10"

3| 8n%10.65 0.33 1.12 1.13 — 0.38 0.39
4{10n2]0.75 0.53 1.45 1.46 - 0.71 0.72
5 [1072| 1.03 0.46 1.34 1.35 - 0.60 0.61
6 [13n%] 1.09 1.08 2.40 2.41 0.32 1.65 1.67
7(1372|1.18 1.05 2.36 2.38 0.30 1.62 1.63
8 [177%] 1.24 1.23 2.65 2.67 0.48 1.91 1.93
9|1772|1.52 1.18 2.58 2.60 0.44 1.84 1.86
10[18n%] 1.55 1.41 2.98 3.00 0.67 2.24 2.26

We next consider the 1D case with ¢ = 3% in domain

0

=(0,1) with boundary 0 ¢ =T"1 UL, I'1 = {0}, I, = {1}.

We fix either 6, = 0.2 or 6, = 0.4. Choose & = 107> and
pe {ﬁ,O.I,0.0I}. The LMIs (41), (42), and (43) (where A,,,

On

are replaced by (47) and y;, |; are replaced by (48)) were

verified for N € {2,...,8} to obtain 6*** which preserves the
feasibility. The results are given in Table II. From Table II,
we see that p = 0.1 and p = 0.01 lead to larger 6;** than

p = 1/v/2 (here p = 1/+/2 corresponds to [9], [22]).

TABLE I
1D CASE: 6™ FORN € {2,...,8}.

ST (G, =0.2) P (0, = 04)
N p=1L p=10" p=102 p=2 p=10"1 p=10"
3197 267 269 071 T4 144
3295 387 389 170 262 265
4348 4510 454 324 328 330
5383 493 49 359 370 373
6 406 3522 525 384 400 403
7 424 544 547 300 422 425
8 438 560 564 316 439 442

IV. CONCLUSIONS

In this paper, we considered the state-feedback global

stabilization of stochastic semilinear 2D parabolic PDEs with

no
of

nlinear multiplicative noise. Improvements and extension
current results to various high-dimensional PDEs may be

topics for future research.
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