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State observer design for bilinear Persidskii systems

Danilo R. Limal, Rosane Ushirobiral, Denis Efimov’

Abstract— This paper proposes a state estimator for a class
of nonlinear systems that includes the Persidskii systems with
bilinear cross-terms. The estimation error analysis is based on
the input-to-output stability theory and formulated using linear
matrix inequalities. Simulations are provided for a model of
consumer-resource interaction.

I. INTRODUCTION

The state estimation problem appears in many engineer-
ing applications, including complex physical and biological
systems, where the models are characterized by significant
nonlinearity and uncertainty [7], [10], [2]. This problem can
be formulated in many ways, according to the application
considered. In the case of systems containing an unknown
input (exogenous perturbations, measurement noises, unmod-
eled dynamics), it is often helpful to formulate it in terms
of input-to-output stability (IOS) [16], [4], where we regard
the estimated error as the output (as a converging variable of
interest). As with the regular stability notions, IOS analysis
can be performed by designing special real-valued functions,
called IOS-Lyapunov functions, following crucial results
introduced in [15]. Although those results guarantee the
existence of an I0S-Lyapunov function for a large class of
IOS systems, no universal method for constructing such a
function exists, which is why we have to rely on particular
canonical forms of the system models.

The model we consider in this paper is a generalization
of the important class of Persidskii systems, first introduced
in [1], [13] for stability analysis, also related with Lur’e
systems studied in the absolute stability theory [17], [9].
Thus, the advantage of Persidskii systems consists in the
existence of a well-investigated form of candidate Lyapunov
functions, which was used in many cases [6], [12], [11],
often resulting in stability conditions that can be formulated
in the form of linear matrix inequalities. Moreover, this
class of models has been found valuable in representing
many physical and biological phenomena, and therefore,
it has been studied from many viewpoints, including that
of I0S-stability [12]. In this paper, we consider a more
significant generalization of this class of systems, motivated
by biological and physical examples [8], [5], [3], where
some new classes of nonlinearities are taken into account, in
particular allowing for the addition of bilinear cross-products.
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The goal of this work is to consider a more complex
Persidskii-like dynamics as in [12], which include bilinear
terms (products of the state components and the nonlin-
earities or inputs), and design a state observer using the
IOS theory. The existing results in the literature study only
particular classes of bilinear systems, see [14] and references
therein. We will assume that nonlinear state measurements
are possible, and in this preliminary study, we will formulate
local stability conditions (which are, however, not based on
linearization).

Notation

o The set of reals is denoted by R and R, := {s € R |
s > 0}.

o The usual Euclidian norm in R™ is denoted by ||-]|.

o For a Lebesgue measurable function u : Ry — RY,
define the norm ||ulls, 1,)= ess supyepy, 4, lu(t)] for
[t1,t2) C R, . We denote by L the set of functions u
such that [|ul|ee:= [|2]|[0,+00) < +00.

e A continuous function ¢ : Ry — Ry belongs to the
class K if it is strictly increasing and o (0) = 0. If in
addition tiimooo(t) = 400, we say that o belongs to
the class K. A continuous function 5 : Ry x Ry —
R belongs to the class KL if 5(-,r) € K and S(r, ")
is a decreasing function going to zero for any fixed
r > 0.

II. OBSERVERS AND INPUT TO OUTPUT STABILITY

In what follows, the dynamics considered is

&(t) = f(2(t), u(t))
y(t) = h(z(t))

where 2(t) € R™ is the state, u(t) € R’ is the input, and
y(t) € RP is the output. The function f : R” x R — R"
is assumed to be locally Lipschitz with f(0,0) = 0, and
h : R™ — RP is a continuously differentiable function. For
any xo € R" and u € el’fo, we denote the respective solution
of (1) by x(t,xo,u) that we assume to be defined for all
t > 0. Then y(t, xo,u) = h(x(t, o, w)).

(D

Definition IL.1. We say that the system (1) is Input-to-Output
Stable (I0S) if there exist functions € KL and v € K
such that

ly(t, 2o, W< B(llzoll,t) +v(llullo)
for everyt e Ry, o € R”, and u € Ifo.

To check this stability property, the Lyapunov function
method can be used.
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Definition I1.2. A continuously differentiable positive def-
inite function V : R™ — R, is called an 10S-Lyapunov
function for (1) if there exist functions a1, as, X € Koo,
and az € KL such that

ar(|h(z)]) < V(z) < az(]2]) 2)
and

Vi(z) 2 x([ul]) = VV(2)f(z,u) < —a3 (V(z),[])
3)
for all x € R™ and u € R".

Note that the right-hand side in (3) is not a definite
function of V(x) if the state norm is not bounded. To avoid
this issue the following property will be used.

Definition I1.3. The system (1) is said to be Uniformly
Bounded-Input-Bounded-State Stable (UBIBS) if there exists
o € K such that

[ (t, 20, d)|| < max {o ([[zoll) , o ([[uflo)}

for every o € R" and every u € L.

The key result connecting the IOS property and the
respective Lyapunov function is given below.

Theorem I1.4. [15] A UBIBS system (1) is 10S if and only
if it admits an 10S-Lyapunov function.

Both notions, the IOS property and the IOS-Lyapunov
function, are defined globally above. The local counterparts
can also be formulated by restricting the domain of validity.

Note that the BIBS property can be replaced with the
forward completeness requirement (the existence of solutions
for all ¢ € R ) while establishing IOS if (3) is strengthened
as follows:

Vi(e) = x([[ul) = VV(2)f(z,u) < —as(V(z)) 4)

for some ay € K.

In this paper, we will use the IOS theory to define and
design a state observer for (1) as it is formalized in the
following definition:

Definition I1.5. We say that the system

&(t) = f(&(1), u(t), y(1) (5)

is an observer for the system (1) if the combined system
(x' i) = (f(x,u) f(j:’u,y)) is 10S with respect to the
output e(x, &) = x — I (the estimation error).

III. BILINEAR PERSIDSKII SYSTEMS

Let us consider the following class of systems: for all
te Ry,

M
i(t) = Aox(t) + Y Ajf? (Hja(t) + Gu(t)

n M n
+D_wi(t) Y B (Hyw(t) + 3 wi(®)Daw(®),  (©)
Col‘(t)
CrfH (Hya(t))
y(t) = . )

Cor M (Hnga(t))

where x(t) € R" is the state, w(t) € R’ is the unknown
input, w € LY, y(t) € R* is the measured output,
AO c Rnxn’ Aj c RnXkJ, Hj c Rijn, sz c Rnij,
C; € R%*ki and G, D; € R™*¢ for 4 = 1,...,n and
j=1,...M, Cy € R?oX" » = Ei‘iozs, fi Rk —
R¥ for j = 1,..,M with the hypothesis that f7(s) =

; , T
(ff (1) f,ij(Skj))) and
Tfij(T) > 0, for every 7 # 0. @)

For brevity of notation, we will use the convention ky = n,
Hy =1, and f°(x) = x.

The objective of this paper is to design a robust observer
for the system (6) in the sense of Definition II.5.

The system (6) includes the generalized Persidskii systems
studied in [6], [12], [11] (the first line in (6)), but also
additional bilinear terms multiplied by the state components
(the second line). The motivation for considering this class
is that it encapsulates some models of interest, which have
been studied both in the context of observer design and of
stabilization [5], [3].

Example IIL.1. The following model describes the bacterial
growth of two distinct species inside a chemostat with a
single limiting substrate [5]:

2 = (1i(S) — D)zy,i = 1,2,

: 2 ®)
S =(Sin—5)D — Zmui(s)ﬂ%
=1

where x; > 0 is the concentration of the ith species,
S > 0 is the concentration of the substrate, S;, > 0 is
the nutrient inflow concentration, p; are positive constants
and the functions ; are given by

(LiS

ZS: )
i) b;+ S

where a;,b; are positive constants.

Renaming S as x3, denoting the state vector x =
(Jcl T2 xg)T € Ri and reparametrizing the input as
w = (D u) , where uw = S;,D, we can see that it
fits the model for n = 3 and M = 2. Indeed, following
the notation of (6), this system is obtained by replacing
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Ao = A1 = Ay = 0343, Hy = Hy = I,
0 0 -1 0 0 0
G=1(o o]l.Dy=(0 o|,Dy=(-1 0},
0 1 0 O 0 O
0 0
Ds=|0 o],
-1 0
0 0 1 0 0 0
Bi=10 0 o |,B2=|0 0 1 |,
0 0 —p 00 —p2
B? = B) = B} = B3 = 03,3
. T .
and f’(z) = (,uj(gcl) i (z2) /J,j(l‘g,)) for j =1,2.

Example IIL.2. The following is a classic model of a
chemical exothermic reactor [3]:

X=DXin—X)—k ) x
= Htin P\ BT ©)

. E
T:D(Tm—T)—l—ceXp(RT)X—l-v,

where (Xm X T)—r € Ri is the state (representing,
respectively, the inlet composition, the reactor composition
and the temperature inside the reactor), (E R k C)T €
Rﬁ_ is the vector of constant parameters, and D, v are
nonnegative control inputs.

Renaming x = (x1 3 xg)T = (X X T)T and

= (D v u)T where v = T;, D, we have
. E 2\
T = T2 (0 fkexp<fRTs) cexp(fR—xJ)
+ (0 0 utv) 42,00 D 0)F
+ 2(0 =D 0) +a3(0 0 —D)"

As with the previous example, this system is obtained from
(6) for n = 3 and M = 1, by replacing Ay = Ay = O3x3
and H1 = Ig,

00 0 00 0 0 0 0
B=10 0 —k|,G=10 0 0],D;=(1 0 0
00 c 0 1 1 0 0 0
0 00 0 00
Do=|-1 0 o],Ds=[0 0 0},
0 00 -1 0 0
Bi = B? = 0343
.
and f'(z) = (p(z1) @(z2) (x3)) , where p(z;) =
exp _R]i'

Example IIL3. The following dynamical system models a
particular kind of consumer-resource interaction [8]:

. M, M,y
My =M |r1+c¢ +c —c3My ) +w
1 1(1 1h1+M2 2h2+M1 3 1) 1

. M, M,
My =My (rs+c +c —cgMsy | + wa,
2 2(2 4h2+M1 5h1+M2 6 2) 2
(10)

where My, My € R are the population compartments, 11,
79, h1, ho, ¢; E R (i =1,...,6) and wy, wy are bounded
inputs.

This system is again in the form (6) for n = 2 and M = 2,
with © = (M1 Mg)T, and

rran = (32) o0 - <’i§> ,

h1+M>

and Hy = Hy = G = I, other matrices are zero.

Beyond their practical interest, those systems have some
intrinsic symmetry, which could be further exploited as
concrete examples of the theory of equivariant systems [3],
[5]. By its analysis, we can understand the role that this
kind of symmetry plays in the design of simpler and better-
performing observers.

IV. OBSERVER DESIGN

The proposed observer for the system (6) is

M
B(t) = Ao () + ZAW‘(HW))

+Za:z ZBlfJ (H;#(t)) + Lo(yo(t) — Cod(t))
=

+ 2 Lilys () = Cif (H;2 (1))
J; M .

D d > Ry (1) = Gy (Ha(1))),

(an

where () € R™ is the observer state and the estimate of
x(t), and L;, R} € R"**/ are matrices to be designed.
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Denoting e = z—3 and § f7 (z, %) = f(H;x)— f7(H;%),
we have that the error dynamics is given by

M

é=(Ag— LoCo)e + » (Aj — L;C;)6f
+ 3N Bl f (Hyw) — @i f7 (H;i))

i=1 j=1
n n M
i=1 i=1 j=1

The joint state variable X = (ac ﬁc)T for the system (6)
and (11) follows the dynamics equation

M 2n M
X =AX + > A F(H;X)+ Y X; Yy BIF;(H;X)
j=1 i=1 j=1
2n
+Gw + Y X;D;w (12)

i=1

where X; = x; and X, ; = Z;, for j =1,...,n and
A= (L?éj Ajonxff;cj) ;= <Olfin OIX’T) ’
B; N <0”B;;kj
e = (16)-6= (5)

. D)\ -
Di<0>aDn+iO

for j = 1,...,M and ¢« = 1,...,n. We remark that the
system (11) is still under the considered class of bilinear
Persidskii systems and that the error can be written as
e(X)=TX, where I' = (I, —1I,).
Consider the following Lyapunov function candidate:
M 2k; X
VX)=X"PrX+2) > A / Fl(r)dr, (13)
j=1i=1 0
where f{]’ is the ith row of the matrix ij, Pr=T"PTI+
P,, for matrices P, € R" ", P, € R?"*?" and AJ =
diag(A7, ..., A}, ) to be defined.
The time derivative of V' along the trajectories of the
system (12) can be computed as follows:

M
V(X)=X"PeX + X"PrX +2) XTH]NFI(H;X)
j=1
~ ~ M .~ ~ T
= XT(AT Pr + PrAg)X + | Y F/(H; X)T 4,
j=1

2n M
+Y Xy FIHX)(B)T | PrX
i=1 7j=1

M 2n M
+XTP [ D AF(H;X)+ Y X > BIF/(H;X)
Jj=1 i=1 j=1
M o ~
+2) (X" Ay HI NV F(H;X)

j=1

M
+ <Z FS(HSX)TAST> BTN FI(H,X)

s=1
2n M
n (z X, ZFS<H3X>T<BS>T) HY N FI(,X)
i=1 =1

2n
+(Gw+ Y X;Dyw)" H N FI(H; X))
i=1

2n
+2X"Pr(Gw + > XiDiw).

i=1

Note that regrouping the terms, we can write 1%
as a quadratic form acting on the vector Y =

(XT FYL;X)T FMEX)T wT)':

2n 2n

i=1 i=1

where the symmetric matrix Q = Q7 € R?"*2" is defined
by the blocks

Qi1 = AT Pr + PrAy;
Q1,j+1 = Przzlj + Agﬁf/\j;
Q1,m+2 = PrG;
Qrt1,j+1 = AEHJTAJ' + Akflkflj;
Qury241 = GTHIA;

Qur42,m42 =0;

for j,k € {1,..,M} and the symmetric matrices
S .., 8@ ¢ RIM+2)x(M+2) are defined by the blocks
Si1=0; 81,1 = PrBl:
Sl(cl;i)-l,j-&-l = (sz)TﬁjTAj?
Sﬁgwm = PrD;; S§\2)+2,j+1 = DiTHyTAJ;

(4) —
Sivami2 =0,
fori € {1,...,2n} and j, k € {1, ..., M }. This decomposition
is crucial in determining the parameters of the candidate
Lyapunov function, as shown in the following result.

Theorem IV.1. Suppose that the system (6) is UBIBS. Sup-
pose also that there exist matrices 27 € ]D)j_kj (7=0,....,.M),
Vebt, Yy eD(k=1,..M—-1,j=k+1,..., M),
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0<® =0T e R*** © eD™™and & >0, p>0
satisfying the inequalities
Py >0o0r Py' —2P)2 + P} — pP, > 0
M
or ZAJ +pPL >0
j=1

where P} P}2 and P €

(14)

Rn)(’n

are such that

PytoPy? Vo~ ATdiee(A AV
P, = pi2 p and NV = Hj diag(Ay, ..., Ay )Hj +
ﬁfdiag([&iﬁl, . A%kj)f[j,
Py <V, 15)
P+ Y HINH; <¢() H{E'H.  (16)
j=1 k=0
M M-1 M o
+2> HI'Yo,H,+2> Y HIHY,,H' H,)
r=1 s=1 r=s+1
and such that )
Q+Q <0, (17)

where Q is the symmetric matrix defined by the following
blocks:
Q11 =179 + 2%

Qj,j ==.j=1,..,M,
Qkt1,j+1 = Hka,ijjT, k=1,.,M-1,j=Fk+1,..,M—1,
Ql,j-s-l = FI]'TTO,J'J =1,....M,
C~2M+2,j =0,7=1,... M +1,

Qry2,m+2 = —P.

Then there exists § > 0 such that the system (12) is 10S
with respect to the output e = x — &, for || X(0)||< 6 and
[[w]|oo < 6.

Proof: Consider the candidate Lyapunov function (13).
The inequality (14) assures that if V' (X) = 0 then e(X) =
I'X = 0 [12], which fulfills condition (2) with h(X) = T'X.
The upper bound as in (2) exists by the continuity of V,
the passivity of the nonlinearities and due to all matrices are
nonnegative definite.
Once there exists Q € RM+2xM+2 yerifying the inequal-
ity Q + Q < 0, we can find £ > 0 such that

2n
Q+Q+) XisW<o

(18)
i=1
provided that | X;|< € for all ¢ = 1,...,2n. Therefore, we
can write
. ~ 2n . ~
V=yT (Q +Q+ ZXZ-S“)> Y - YTQy
i=1
<-YTQy.

The inequalities (15),(16) make sure that
YTQY > a(V(X)) — w! dw,

for some function @ € K. The computations to prove this
fact are rather direct and are analogous to the ones performed
in [12]. Hence, it follows that

V < —a(V(X)) + wdw,
which leads to
. 1
V< —§a(V(X)), for V(X) > 2a™ ! (w” dw),

showing that V' is an IOS-Lyapunov function for the system.
The computations to prove this fact are rather direct and are
analogous to the ones performed in (12). Hence, by Theorem
1.4 this system is IOS, and there exist related functions 8 €
KL and v € K given in Definition II.1.

Let us demonstrate the validity of (18), i.e., that the state
X can be made arbitrarily bounded in the conditions of the
theorem. Since (6) is UBIBS, there is ¢ € K such that for
any ¢’ > 0 we can chose 6 > 0 providing

|lz(t)||< max {o(8),0(0)} <e’, YVt >0

for any ||z(0)||< ¢ and ||w||cc< d. Further, due to the
established 10S property of the system (12) with respect to
e(X) = x — &, this constant ¢ can be chosen sufficiently
small guaranteeing

e(®)]I< Baz(20),0) +~(0) <e’, vt >0

for all |Z(0)]|< 4, [|z(0)]|I< § and ||w||eo< d. Combining
these inequalities we obtain the boundedness of the observer
state:

[EOI< @) +[le(t)]|< 2¢”,

and subsequently
X (#)]l< 3¢,

for all ¢t € R;.

Therefore if we chose ¢/ > 0 small enough, for the
corresponding &, we have |X;(t)|< e for all i = 1,...,2n,
and all ¢ € R, provided that | X (0)||< § and ||w]|c< J, sO
the inequality (18) is satisfied.

The conditions given in the formulation of Theorem IV.1
are sufficient for existence of a Lyapunov function that
establishes convergence of the estimation error to zero in
the disturbance-free case.

Our result is local, and global estimation results were
obtained in [12] without the bilinear cross-terms. More
constructive and non-local conditions can be derived as-
suming that the state in the system (6) and the observer
(11) is nonnegative (the latter property has to be ensured
by the design of the observer), which is left for further
investigations.
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Fig. 1. State trajectory M (t)
V. SIMULATION EXAMPLE

If we consider Example III.3 with parameters r; = ry =
—1 and

Co=(1 0),
then the inequalities (16) and (17) become
Py+ A+ A% < €(E" +2(Yo1 + To2) + T12),

and

- T -
Ay Pr+ PrAg+Z=°
2PF + Yo

Tor) <o,

-9

which, together with inequalities (14) and (15), constitute a
feasible system of inequalities, if we chose the gain matrix
as

Lo = (2043 —5.01)"

and L; = R; = Ogxo, for i = 1,2 and j = 1,2. Hence
Theorem IV.1 can be applied, and the observer can be chosen
in the form (11).

For simulations, all system parameters are set to 1. Figures
1 and 2 show the behaviour of a trajectory of the system and
the evolution of the error for w;(t) = 0.5sin(¢) for ¢ = 1,2
and the gain matrix Ly chosen as above, illustrating that
the error remains small for relatively small inputs and small
initial conditions.

VI. CONCLUSION

In this paper, we have introduced a new class of systems
that generalizes the Persidskii dynamics and allows the bilin-
ear cross-product terms to be considered. Such an extension
of the model is essential in many applications based on
the mass-balance principle. For this class of systems, we
have proposed a state estimator using the IOS notion, whose
efficiency is illustrated through the example of a consumer-
resource interaction model. The applicability conditions for
the observer are formulated in terms of linear matrix in-
equalities, which is an advancement taking into account the
complexity of the system.

[1]

[2]

[3]

[4]

[5]

[6]
[7]
[8]

[9]
[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

1739

10?

10" F

Hrmm rmm rmu

0 100

Fig. 2. Norm of the estimation error

REFERENCES

E. A. Barbashin. On construction of Lyapunov functions for nonlinear
systems. In Proc. Ist IFAC World Congress, pages 742-751, Moscow,
1961.

Pauline Bernard, Vincent Andrieu, and Daniele Astolfi. Observer
design for continuous-time dynamical systems. Annual Reviews in
Control, 53:224-248, 2022.

S. Bonnabel, P. Martin, and P. Rouchon. Symmetry-preserving
observers. [EEE Transactions on Automatic Control, 53(11):2514—
2526, 2008.

S. N. Dashkovskiy, D.V. Efimov, and E.D. Sontag. Input to state
stability and allied system properties. Automation and Remote Control,
72(8):1579-1614, 2011.

A. R. de Souza, D. Efimov, A. Polyakov, and J.-L. Gouzé. Robust
stabilization of competing species in the chemostat. Journal of Process
Control, 87:138-146, 2020.

D. Efimov and A. Aleksandrov. On analysis of Persidskii systems and
their implementations using LMIs. Automatica, 134:109905, 2021.
T.I. Fossen and H. Nijmeijer. New Directions in Nonlinear Observer
Design. Springer, 1999.

J. N. Holland and D. L. DeAngelis. A consumer—resource approach
to the density-dependent population dynamics of mutualism. Ecology,
91(5):1286-1295, 2010.

M. Liberzon. Essays on the absolute stability theory. Autom Remote
Control, 67:1610-1644, 2006.

A. S. Matveev and A. V. Savkin. Estimation and Control over
Communication Networks. Birkhiduser Boston Basel Berlin, 2009.

W. Mei, D. Efimov, R. Ushirobira, and A. Aleksandrov. On con-
vergence conditions for generalized Persidskii systems. International
Journal of Robust and Nonlinear Control, 32(6):3696-3713, 2022.
W. Mei, R. Ushirobira, and D. Efimov. On nonlinear robust state es-
timation for generalized Persidskii systems. Automatica, 142:110411,
2022.

S. K. Persidskii. Problem of absolute stability. Automation and Remote
Control, 12:1889-1895, 1969.

Mohammad Reza-Rahmati and Gerardo Flores. A nonlinear observer
for bilinear systems in block form. European Journal of Control,
70:100780, 2023.

E. Sontag and Y. Wang. Lyapunov characterizations of input to output
stability. SIAM Journal on Control and Optimization, 39(1):226-249,
2000.

E. D. Sontag. The ISS philosophy as a unifying framework for
stability-like behavior. In Nonlinear control in the year 2000, Vol.
2 (Paris), volume 259 of Lecture Notes in Control and Inform. Sci.,
pages 443-467. Springer, London, 2001.

V. A. Yakubovich. Popov’s method and its subsequent development.
European Journal of Control, 8(3):200-208, 2002.



